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FOREWORD

Alan MC¢Intosh spent his undergraduate years at the University of
New England in Armidale NSW where he obtained his BSc(Hons) in
1962. He gained his PhD at the University of California, Berkeley in
1966 under Frantisek Wolf. After a year at the Institute for Advanced
Study, Princeton, he returned to Australia and began a long association
with Macquarie University. In 1999, after 32 years at Macquarie, he
became Head of the Centre for Mathematics and its Applications at
ANU.

Throughout his time at Macquarie, M“Intosh provided leadership in
analysis. For many years his group ran weekly seminars which typically
attracted participants from the other universities in Sydney. Many
well-known mathematicians presented lectures. M“Intosh made strong
post-doctoral appointments with a diversity of backgrounds and fos-
tered excellence in research. One of his major goals was and remains
to nurture young mathematicians. The result has been a long list of
outstanding mathematical advances from M°Intosh and those who have
been fortunate to come under his influence.

M¢Intosh’s early work on accretive bilinear forms was heavily influ-
enced by Tosio Kato (Berkeley), and it was a problem posed by his
mentor in 1960 that led to M“Intosh’s most significant work. The Kato
square root problem asks whether the square root of an accretive op-
erator in divergence form is stable under perturbations of the original
operator. It was not until 1981 that the one dimensional version of
this problem was solved in the fundamental work of Ronald Coifman
(Yale), M°Intosh and Yves Meyer (ENS-Cachan). In this paper [11],
the authors also solved the conjecture of Calderén on the bounded-
ness of the Cauchy integral on a Lipschitz curve. It took until 2000
for the two dimensional version of the problem to fall at the hands
of Steve Hofmann (Missouri) and M°Intosh. In the following year,
the full arbitrary dimensional solution was given in the joint work of
Pascal Auscher (Paris-Sud), Hofmann, Michael Lacey (Georgia Tech.),
M¢Intosh and Philippe Tchamitchian (Marseille). Beginning with his
collaboration with Coifman and Meyer, M“Intosh was to forge remark-
able links between the harmonic analysis of the Zygmund school and
the operator theory of Kato and others. This work involves the use
of square function estimates associated with particular operators, and
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upon LP estimates for singular integrals. One specific aim is to study
boundary value problems for linear partial differential equations with
non-smooth coefficients on irregular domains, and associated nonlinear
problems. Results are obtained under natural geometric conditions and
these are of special interest when applied to nonlinear problems arising
from physical or geometric phenomena. They also have implications
for parabolic and hyperbolic problems. The principal methods involve
developing the harmonic analysis of operators directly on domains or
on their boundaries.

Topics related to M°Intosh’s research include boundedness of singu-
lar integrals and Fourier multipliers on Lipschitz surfaces; heat kernel
bounds and functional calculi of elliptic partial differential operators;
compensated compactness; spectral theory and functional calculi of
operators; and Clifford analysis.

M¢Intosh has been a Fellow of the Australian Academy of Science
since 1986. Very recently he was awarded the Moyal Medal for 2002
for his contributions to mathematics, in particular for his fundamental
contributions to harmonic analysis and partial differential equations.
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ON A UNIFORM APPROACH TO SINGULAR
INTEGRAL OPERATORS

SERGEY S. AJIEV

ABSTRACT. The essence of an approach to the boundedness of
singular integral operators based on several parameterized classes
of new conditions one of which includes, in particular, Hormander
condition and its known variations is exposed. Most of the at-
tention is paid to the comparison with known results in the same
settings. The feature of dependence from some parameters be-
ing integer is revealed. As some of applications, the existence of
functional calculus and variants of Littlewood-Paley-type decom-
positions in its terms without any requirements of smoothness or
absolute value bounds of the kernels of the corresponding holomor-
phic semigroups is shown.

1. INTRODUCTION

The main goal of this note is to display the idea of a unified point of
view on sufficient conditions formulated in the style of the Hérmander
one for the boundedness of singular integral operators and to motivate
its usefullness by means of comparison with known close results (in-
cluding the theory of Calderén-Zygmund operators). In particular, the
here introduced AD -classes of singular integral operators extend and
generalize Calderén-Zygmund operators and closely related operators
possessing H* -calculus. In line of this main purpose, formulations of
assertions under consideration are partly included also in more general
forms. We consider also the definitions of AD -classes in reduced forms
while the complete ones are represented in [22]. The same source con-
tains results on boundedness of singular integral operators (SIO) from
one smooth function space to another (corresponding to the ”upper
case” in the sense of Section 3 below) not included in this note too.

The theory of singular integral operators has a half-century back-
ground of intensive development. The main ingredient — decompo-
sition lemma — appeared in 1952 thanks to A.P. Calderén and A.
Zygmund (see [6]). In 1960, L. Hérmander (see [14])introduced his

This work was supported by Russian Fund for Basic Research (grant No. 02-01-
00602) and INTAS (grant No. 99-01080).
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2 SERGEY S. AJIEV

“Cancellation condition”, and, since that time, the notion of singu-
lar integral operator (SIO) is understood as follows. A SIO T is an
integral operator defined, in a sense, by means of the kernel K, s.t.
T € L(Lyy, Ly, ) :

Tf(z) = po. / K (. y)f(y)dy.

The Hormander condition states that for any y,z € R™, and some
C>0

/ |K(x,y) — K(z,2)|de < Cg < +00. (class H)
lo—z]>2|y—z|

Every SIO satisfying (H) (from the class H ) is bounded (admits an
extention) from L, to L,,1 <p < oo, from H; to L; and from L,
to L1 (weak- Ly ). In addition, the adjoint operator is bounded from
Ly to BMO.

Presented in this note results with the same statements as just
mentioned are discussed in the section 3. One can point out that
another condition weaker then H was presented by X. Duong and
A. M¢Intosh (1999) in [9], and our approach permits to weaken it in
the same settings (see AAD -condition in [22]).

Nowadays the following definition of Calderén-Zygmund operator
(CZO) is the most commonly accepted.

A CZO is a SIO T satisfying for some 0 < § < 1:

a) |K(x,y)| < C/lz —y|™

b) |K(2,y) — K(z,2)| < Cly — 2’| — 2[~"*) for |z —2| > 2]y — 2]

We are not imposing absolute value conditions like a) at all but
one of the introduced here AD -classess contains conditions which
are equivalent , or weaker then the above mentioned ones. Namely,
AD,(Ly,00,0,0,0) is equivalent to the Hormander integral condition,
and AD, (L, 00,0,0,0) in def. 2.5 is weaker then property b) of
Calderén-Zygmund operator with another one.

In 1972, C.L. Fefferman, E.M. Stein (see [12]) proved (particularly)
H, — L, and L., — BMO -boundedness of Calderén-Zygmund opera-
tors.

Let us pay more attention to the H,-theory of SIOs.

R. Coifman (see [7]) obtained (1974) H, — H, boundedness of CZO
for the case of one dimension. In 1986, J. Alvarez and M. Milman (see
[3]) established H,, — H,-boundedness excluding the limiting cases (i.e.
p>mn/(n+9),0 <d§ < 1). More precisely their assertion reads as
follows: a CZO T satisfying the orthogonality condition T*Py = 0 is
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bounded on H, . Here the orthogonality condition T"Py = 0 means
[ 2°Ta =0 for any |a| < N, and a € C§° orthogonal to Py .

Extension of this result to 0 < p < 1 was pointed out by several
authors: 0-CZO satisfying T*Pjs) is bounded on H, for 0 <p < 1.
Next we recall the definition of §-CZO.

Let s=1 for § € N, and s = {0} otherwise. Let T be a SIO, then
it is 0-CZO if it satisfies

a) |K(z,y)| < C/fz —y|™;

b) |DIK (z,y) — DSK (2, 2)] < Cly—z|*|lx— 2|~ Hel+) for |z —2] >
2y — z[,]al = [0].

Similarly to the case of CZOs, some of the presented AD -conditions
(for example, AD, (00, Lo, ls, 0,0, 0) ) in this note are weaker then con-
dition b) of the §-CZOs. We provide a direct analog of the Hérmander
condition in this case too (e.g. AD,(u, Ly, l,0,9,0),u,q € [1,00)).

One should add that J. Alvarez (1992) (see [2]) showed the lack of
H,— L, (and H, — H,) boundedness for p =n/(n+¢). In 1994, D.
Fan (see [10]), exploiting Littlewood-Paley-theory approach, considered
the limiting case for a convolution §-CZO T', that is, he demonstrated
that, under the above conditions, 7" is bounded from H, to H, .

R. Fefferman and F. Soria (1987) (see [13]) proved Hjoo — L1 co-
boundedness for a convolution SIO T satisfying the following Dini
condition:

1/2
/ [(t)dt/t < oo, where I'(t) =sup [ |K(z —h)— K(z)|dx.
0 h#0 J|a|>2/h) /5
In 1988 (publ. 1991), using a similar approach, H. Liu (see [15])
investigated boundedness properties of a convolution SIO (in partic-
ular, a CZO) in the setting of homogeneous groups and obtained the
following results:
a) H, = H,-boundedness for CZO (without condition a)), if
n/(n+1)<p<1;
b) Hpo — Lpoo-boundedness, if n/(n+1) < p < 1, for SIO T
satisfying

1/2
/ [(t)?|log t[t""~'"dt < oo, where
0

['(t) = sup/ |K(x — h) — K(x)|dz;
h#0 J|h|/6<|z|<4|n| /5

c) Hy — Hp o -boundedness, if n/(n+1) <p <1, for a w-CZO
(without a)-cond.), that is for a SIO T satisfying

|K(z —y) — K(z)| < Clz["w(lyl/l|z]), [x] > 2]y],
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where w is a nondecreasing function with

1/2
/ tn—n/p—l‘ logt\Q/p“w(t)dt < +o00 for some € > 0.
0

But, for w(t) =t*, one needs s > n/p —n, i.e. a nonlimiting case.

The theorems in the 5th section contain extensions or additions (in-
cluding the case 0 < p < n/(n+1)) to most of these results concerning
the H,-theory (the additions to the rest and complete proofs are in
[22]).

It is interesting to point out the “off-diagonal” case of the Calderén-
Zygmund-Hormander result on boundedness of a SIO proved in 1961
by J.T. Schwartz (see [20] and an extension due to H. Triebel [21]):
for 1 <py<rog<oo,1<gq, 14+1/rg=1/py+ 1/q, suppose that a
convolution operator 1" with kernel K is bounded from L, to L,

and satisfies / |K(z —y) — K(x)|dz < C.
|=[>2]y|

Then 7' is bounded from L, to L, for 1 <p <py, 1+1/r =1/p+1/q
and from L; to L, . But this (“off-diagonal”) setting of the SIO
theory has not attracted much attention since that time even in spite of
the work ([17], 1963) of P.I. Lizorkin on (L,, L,)-multipliers theorem.
All the general forms of the assertion of this note include the “off-
diagonal” case.

Some other positive features of our approach to the boundedness of
SIO are the following: a) cases of operators sending Hardy-Lorentz
space to both Hardy-Lorentz and Lorentz space or, acting between
spaces of smooth functions are covered; b) a new effect of the de-
pendence from some parameters being integer (in particular, the case
n/p € N (in isotropic situation) for H -space theory) has been ob-
served; ¢) in some cases parameters of the “target” space are shown to
be optimal; d) the case 0 < p <n/(n+1) for the H—H -boundedness
does not require smoothness assumptions; e) some obtained sufficient
conditions of boundedness of a SIO under consideration have stronger
known analogs but the other do not; f) the approach admits consid-
eration an anisotropically SIO in the sense of [5](1966); ¢) the proofs
of the results analogous to classical ones are no more complicated then
their counterparts.

The section 4 is devoted to some applications of the considered here
and in [22] general forms of SIO boundedness assertions to questions
connected with functional calculus. There we consider the class of
operators with the kernels of their holomorphic semigroups satisfying
Poisson-like AD -estimates introduced in this note and providing, in
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this terms, sufficient conditions for the existence of a functional calculus
of some operators in Hardy and other function spaces, extending results
of D. Albrecht, X. Duong and A. M¢°Intosh (1995) (see [1, 8]). For
the limiting values of parameters, the norm estimate (for the bounded
extension) of the form

(D)l exyy < Clldl e

is proved for X being a Hardy space and Y — a Hardy-Marcinkiewicz,
so that X #Y .

Another application is a continuous, in the sense of [19] (1972), form
of Littlewood-Paley theorem in term of the above mentioned functional
calculus. It should be noted that classical approach to this theorem
relied on the properties of Hilbert transforms even in weighted multiple
(product) case (see [18]) (1967). Instead, in this note we are following
the approach of direct application of vector-valued SIO boundedness
results used by O.V. Besov (1984) in [4] to extend Littlewood-Paley
inequality to the L,-spaces with mixed norm of functions periodic in
some directions and by X. Duong (1990) to extend the existence of
H® -functional calculus on Ly to onein L,,p # 2.

The author is pleased to thank O.V. Besov for formulating the gen-
eral problem to extend classical Hormander SIO boundedness result
to H,(L,) spaces with p < 1 several years ago, A. M¢Intosh and
A. Sikora for formulating the problem to obtain a Littlewood-Paley
type characterization of Hardy spaces in terms of functional calculus
and A. M¢Intosh with T. ter Elst for their comments improving the
manuscript of this paper. This work was conducted in The Center for
Mathematics and its Applications of The Australian National Univer-
sity.

2. DEFINITIONS AND DESIGNATIONS.

Assume Ny = NU{0}. Foraset £, n € N let E™ be the Cartesian
product. Let A be a Banach space and denote by || - |Al| = || - ||a
the norm in space A. For t € (0,00] let I; be a (quasi)normed
space of sequences with finite (quasi)norm |[{a}|l| = (3, |ai|t)1/t for
t # 00, or |[{a}|le| = sup; |a;|; Assume also designation l;;,, for the
(quasi)normed space of sequences with the finite norm ||{a}|li 0] =
[{B}H U], where B; =3 ;. |ai. For an measurable subset G of R",
let X(G,A) be a function space of all (strongly) measurable functions
f: G — A with some quasiseminorm || - |X (G, A)||. In particular, for
p,q € (0,00] let L,,(G,A) be the Bochner-Lebesgue-Lorentz space of
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all (strongly) measurable functions f : G — A with the finite norm

1 1L (G AN = 1Nl Lpg (G-
Let Qo :=[—1,1]", Qu(z) := 2+ 1tQ for t >0,z € R”. Let Py(A)
be the space of polynomials {3, <\ ca?® : ca € A}.

Definition 2.1. For u € [1,00]|,t > 0,A > 0,2 € R", f € Ly ,.(R", A),
we shall refer to the following local approximation functional by means
of polynomials as to the D— functional:

Du(t,z, f A, A) =t f = Praaf|Lu(Qi(x), A)]),

where P,y 1 L,(Q:(x)) — Pr(A) is a surjective projector. For sim-
plicity, we shall understood D,(t,z, f,\) to be D,(t,z, f, A\, A), if
A =R,C. If function f depends also from the two (vector) variables

z,y, [ =f(z,y), and fo—u(y) = f(w,y) then
DZ(t7 Z, f(wa ')7 )‘7 A) = Du(ta Z, f|x:wa >\7 A)
Let C§°(G) be the space of infinitely differentiable and compactly

supported in the open set G functions.
Define the local maximal functional on a function f by

M(t,, f) = sap{[t"p(-/t) * fI(y) - [y — 2| < wt, o € C5°(Qo)}-

Definition 2.2. For p,q € (0,00], let H,,(R", A) be a completion of
quasinormed space of locally summable A-valued functions f with a
finite quasinorm

11 Hp g (R, A) || := ||sup M (L, -, f) | Lpq(R")

t>0

Remark 2.3. It will be used that H, ,(R", A) =L, ,(R", A) for p > 1.

Throughout the article we shall deal with particular cases of the
following one. For ¢ € C5°, b > 1, xg, < ¥ < XxpQ, » let

(T)@) = [ Kw) sy = iy [ K o) f0)elely o)

where be a singular integral operator. Moreover, the kernel K : R™ x
R™ — R(C) is measurable and such that for almost every z € R"
the function K(z,-) € LI(R™\ {z}). We shall also assume that the
operator T is bounded from Lg, into Lg, for some 6y, 6; € (0,00),
and to be in the union of the following classes.

Remark 2.4. More general case of operator-valued kernels correspond-
ing operators T defined on vector-valued functions in the settings, par-
ticularly, of the section 5 is considered in [22] and used in the section

(4).-
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Definition 2.5. Assume Ao, A1,y € [—n,00), u,q,q € (0,00}, 7 >0,
d > 0,b>1. Let X := X(Ny) be a (quasi)(semi)normed space of

sequences, E’  (R") be the weighted Lorentz space with the norm

1B RO = || ) = 20| Ly (RY)

and A;(r,w) = Qsppi+1(w)\ Qsppi(w), i € N. Then it will be understood
that:

a) T € AD,(u, Ly, X, Xo, A1,7), or

b) T € AD,(Ly u, X, X, A1,7), if, correspondingly, the sequence

Mi(ra w) = ”T_AOIDZ(T’UJ’ K('7y>XAi('>77)|Ew (Rn)”vz € NOv or

N

)

:ui(r» 'LU) = T_AODZ(Ta w, K('v y)XAi(')’ 8e E};‘,}q,kl (Rn))v i € N,
is bounded in X by a constant C' > 0 uniformly in r > 0,w € R";

C) T e ADJE(UJ Lq,q17 )\07 )\17 ’Y) , O
d) T € AD,(Lygq,,u, Ao, A1,7), if, correspondingly, the function

/L(?",U)) = HriAODZ(rau%K('?y)‘ '_w‘Al+n/ql77)|Lq,Q1 (Rn\QM(w))H? or

IU(T, w) = Tﬁ)\ODZ(n w, K('? y)XR"\QTa(w)<')7 7 E;J,)qlxl (Rn>>7
is bounded by a constant C' > 0 uniformly in r > 0,w € R™.
The infimum of constants C' in each case will be designated by means
of Cyp for the corresponding AD -condition.

Remark 2.6. It can be noted that the definitions of AD -classes have
and equivalent continuous forms, which means also their independence
from the parameter b > 1.

Definition 2.7. Let 49,7 > 0. An operator T will be assumed form
the class ORT,(y0,m1) if [7#T¢ =0 for all 7 € P,, and ¢ € C5°,
such that [ ¢m =0 for each 7 € P, .

Definition 2.8. For Q@ C C let {T(2)},cq be a family of integral
operators with the corresponding C-valued kernels {K,}.cq, K, =
K.(z,y), z,y € R". We shall assume that the family {7'(2)}.cq
satisfies Poisson-type AD, -estimates with parameters u € [1, 00|, A >
0 on the domain Q if for some €,m € (0,00) and any w,z € R", z €
Q,r € (0,00)

A _ —(n+X+e)
D“(r’w7KZ(x7 )7)‘) <C (L> |Z|_mn (1 + |l’ U)|> )

2| 2|

T(z) € ORT.(\N).
And K,(x,y) is understood satisfying Poisson-type AD, -estimate
if KI(z,y)= K.(y,x) satisfies Poisson-type AD, -estimate.
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Definition 2.9. We shall understood operator T' defined by the kernel
K(z,y) to be in AD, -class, or ORT,(v,71)-class if, and only if, the
corresponding operator T? defined by the kernel K!(z,y) = K(y,z)
is in the corresponding AD,, -class, or, correspondingly, ORT,(vo,71) -
class.

3. COUNTERPARTS OF KNOWN (CLASICAL) RESULTS.

For the sake of simplicity, we shall only consider in this section AD -
classes with ¢ =1, X =1y and \g =X\ =~7=0.

Remark 3.1. In spite of the relation
ADw(u, Ll, O, O, O) = AIDI(’U,, Ll, ll, O, 0, 0) C
C ADm(Ll, u, ll, O, 0, 0) C ADQC(Ll, u, 0, 0, 0),

not coinciding AD -classes will be discussed in the proofs separately to
demonstrate the approach in more general cases.

Let us point out that the class of operators satisfying Hormander
condition H is equal to the class AD,(L;,00,01,0,0,0). We shall
show the inclusion 'H C AD,(Ly,0,11,0,0,0). The opposite one was
pointed out to the author by A. M¢Intosh. Indeed, the corresponding
kernels should have a uniformly bounded for any z € R™, » > 0
quantity

A(r,z) =inf sup |K(x,y) — c(z)|dx.
o(@) {y:ly—2|<r} J Jz—z|>2r
And, supposing, for fixed z,7, c¢(x) to be equal to K(z,z), we can
note that

Arz) < swp [ |K(ey) - K2, 2)lde <

{y:ly—=z|<r} J|z—z|>2r

< sup/ |K(x,y) — K(z,2)|de < Cy < 400,
|

Y T—2z|>2|y—z|
where Cpy is the constant in Hérmander condition (class H ).

3.1. Lower “Summability” Case.

Theorem 3.2. For py € (1,00|, u € [1,00], let T be a SIO from
AD,(Ly,u,l;,0,0,0)UAD,(Ly,u,0,0,0)UAD,(u, L1,0,0,0), bounded
from Ly, into itself. Then,

a) T € L(Lyg(R™)) for p € (1,po], g€ (0,00];

b) T € L(Li(R™), L1 R") if u=o00;

¢) T e L(H(R"),L(R")).
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Proof of the Theorem 3.2. We suppose that kernel K(z,y) corre-
sponds to the operator T'. One should note that part a) of the the-
orem is a consequence of both b) and ¢) in view of the interpolation
properties of the scale of Hardy-Lebesgue spaces (see [11]). To the first,
let us recall that the statements of the parts b) and ¢) are implied as
in classical approach) by the estimate

/ |Taldr < Cyp, (1)
Rn\Qré(z)

where r > 0,2 € R" and a isa (1, Ly,0)-, or a (1,1,0)-atom in the
case of the part ¢), or b) correspondingly. Indeed, in the case c), the
atomic decomposition result for H; (see [7, 16]) permits us to prove
the boundedness of 7" on (1,00, 0)-atoms only, what follows from (1)
and

/ | Taldz < (r8)"/%||Tall,, < 6"%||T|L(Ly,)],
Qré(z)

where a is an (1,00,0)-atom. In the case b), for a function f € L,
and A > 0, Calder6n-Zygmund decomposition of a set Q) := {z :
Mf > A} = U;en @i, where the set {0Q;} possess finite intersection
property and C|Q,] > . |Q;|, provides representation

f=f+ C)\Z |Q;|a;, where a; is a (1,1,0) — atom (2)

and || fo|Le|| < CA. Therefore, Chebyshev inequality, (1) and just
mentioned properties imply

MITfol > eA} < CXTT follps < ClTIL( Ly )P 1L f| Lo,

MITfi| > eA} < O (y U 0Ql + > 1Qi] /RH\(SQ mm) <

< O] < O f[ L. (3)

To obtain the formula (1) suppose g(z) to be a function minimizing
functionals

c

it [ |K(a) - cl'dy @
Qr(z)

at a.e. x if T € AD,(u,L1,11,0,0,0), or minimizing the functional

/ ( |K<a:,y>—c<a:>rdx) day, (5)
Qr(2) R\ Qs (2)
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it T e AD,(L11,u,0,0,0), or g(z) = > ,gi(x), where functions
{gi(x) }ieny to minimize functionals

u 1/u
1nf (/ </K |dx> dy) (6)
7‘216 \Q’V‘27‘ 16(Z

correspondingly if T € AD,(Li,u,{1,0,0,0). In view of Minkowski
inequality, it follows from (4), (5), or (6) that, correspondingly, for an
arbitrarily (1,1,0)-(part b)), or (1,00,0)-atom with support Q,(z),
one has due to the Holder and Minkowski inequalities, Fubini theorem
and the orthogonality of atom a to constants:

/ |Taldx <
Rn\Qr6(z)

<Q= (K(z,y) — g(x))a(y)dy

RH\QT(S (Z)

1/u
< / pon (inf/ |K (z,y) — c|udy> dr < Cap, (7)
R™\Qr5(2) € JQr(2)

Q< / K (2,) — g()dela(y)|dy <
Qr(z)

dr <

RR\QTJ(Z)
u 1/u
<t ([ ([ K -clar) @) < ®
¢ r(2) \NJRM\Qrs(2)
o<y [ @) ldsla(y)ldy <
ieN szm;( \QQ(Z 1) 5( z)

u 1/u
< Zirclfr*n/u (/T(z) ( |K (z,y) — c(a:)\dm) dy) < Cup. (9)

iEN Qgim;(z)\QQ(ifl)m;(z)
In this manner, estimates (7 —9) motivate (1).

3.2. Upper “Summability” Case. The next theorem can be derived
from the previous one by means of duality considerations but such
approach will not work definitely, in particular, in the case of vector-
valued functions, or will require additional duality results to consider
scales other than H; — L, — BMO . Thus, proof provided does not rely
on duality.

Theorem 3.3. For py € (1,00], u € [1,00), let T be a SIO from
AD,(Ly,u,1,0,0,0)UAD,(Ly,u,0,0,0)UAD,(u, L1,0,0,0), bounded
from Ly, into itself. Then,

a) T € L(Lyq(R")) for p € [py,00), q € (0,00];

b) T € L(Lo(R™), BMO(R")).
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Proof of the Theorem 3.3. We suppose that kernel K(z,y) corre-
sponds to the operator T'. One should note that we need to prove the
part b) only because the part a) follows from it with the aid of the
real interpolation method.

Let us fix @,(2) CR", f € L and use representation f = fo+ f1,
fo = X@,s(z), Where § is a constant in the definition of the corre-
sponding AD, -classes. Then the definition of D -functional and L,
boundedness of T" and restriction operator f — fo imply

Dyy (1, 2, T fo, 0) < 17"/ T fo] Ly (R < 7/ ||T|L( L) | %
X[ fol Lpg (R™) | < N TL(Lp ) ] fol Loo (R < I TTLLpg )11 | Lo (R

(1)
Now suppose ¢(y) to be a function minimizing functionals
inf [ |K(z,y)— c|"dx (2)
¢ JQr(2)
at a.e. y if T'€ AD,(u, L1,11,0,0,0), or minimizing the functional
[ ([5G -clar) as ®)
r(2) R™M\Qrs(2)

if T € AD,(L11,u,0,0,0), or g(y) = >_; 9i(y), where the functions
{9:(y) }ien to minimize functionals

u 1/u
mf (/ (/K ]dy) dx) (4)
QT(Z) rglg(z)\Qrgz 15

correspondingly if 7" € AD,(Ly,u,1;,0,0,0). In view of Minkowski
inequality, it follows from (2), or (3), or (4) that, correspondingly,

Du(r,2,Tf,0) < r "/ ( / ( Rn\\(in E:v) y) — g(y))fl(y)ldy)>udx)l/u

1/u
o< [ ([ @ -gwpa) e o 6)
R™M\Qrs(2) \JQr(2)

Q < ( / ( Rn\léi((ﬂzc; y) —g(y)ldy>udrc) 1/u7 or (6)

u 1/u
@< Z(/ ( IK(w,y)—C(y)ldy> dw) [ Looll- (7)
i @r(2) Q,9i5(2\Q,5i-145(2)

Eventually formulas (1) and one of (5,6,7) imply
Di(r,2,Tf,0) < (Cap + [ T1L(Lyo ) DI | Lool|-
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4. APPLICATIONS

4.1. Functional Calculus and Littlewood-Paley-type Theorems.
In this section we have A = B = C. All the definitions and notations
regarding functional calculus are understood as in the article [1] due
to David Albrecht, Xuan Duong and Alan M°¢Intosh, including the
following definitions.

For 0 <w <p<mlet Syp:={z€C||argz| <w}U{0}, S), =
{z € C| |arg 2| < pu}, space H(S},) be the space of all holomorphic
functions on S, endowed with the Lo (S}, )-norm, containing sub-
space W(S),) = {P|¢ € H(S,,),3s > 0, [¢(2)] < Cll*(1+ [2*) 7'}
A closed in LQ(R”) operator T is said to be of type S, if o(T) C S,+
and for any p > w there exist C,, such that

2T = 21) 7 L(La(R™), Ly(R")) | < Cpy = & S

Theorem 4.1. Assume ¢ € (0,00], r € (0,00|". Let T be a one-
one operator of type S, in Ly(R™), w € [0,7/2), having a bounded
functional calculus in Ly(R™) for all f € Hy(S)),) for some p>w.
Assume that for some X\,m,e > 0, [vg,u] € (w 7/2) and all z €
Soﬂ/2 ) , the kernel K,(x,y) of holomorphz’c semigroup e > associ-
ated wzth T satisfies:

a) Poisson-type AD, -estimate with uw =1

b) Poisson-type AD, -estimate with w =1

c¢) both Poisson-type AD, - and AD, -estimates with u = 2.

Then, correspondingly, for f € Hy(S%) for all v >, f(T) can be
extended to be in:

a) UE Hy, ((R™), Hy o(R"))with || f(T)|L(Hp,g, Hpo) || <C| f|Leo || and

pE((14+X/n)=1,2]
L(Hpy(R"), Hpq o0 (R"))with || f(T) | L(Hpy (R™), Hpy 00 (R™))|| < C|| f[Loo|]
for po= 1+ Nn)"t, NEZ;

b) U L(Lpg(R™), Lp,g(R™)) with || f(T)|L(Lp,g, Lpg) | < Cll f| Lol
)

pE[2,00
and JLX7,X) with || f(T)LX7, X7)| < Ol f | Lol
Y€E[0,A), TGORTy(W 20)
for X7 e {b R™), 1) (R ”)} ;
¢) if, in addition, functional ¥, (f) = fFuo ‘f‘(é WOWge| is finite for

some T, = O(t)te™ )2 1 (O(t) — 1)te~™/2 ¢t € R, then the fol-
lowing Littlewood-Paley-type estimates is true: for v € [0,\), T €
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ORT ,(v,7), p€ (1+A/n)" 00) and
X(R") € {Hy(R™), 0], o (R"), b] ,(R™), I (R™) }

? 700,00 rrr,q »'r,q

| £0T)gl X ®", Ly e (R))|| = (IF12ecll + W (1)) lg | X (RO

Partial proof of the Theorem 4.1.We shall discuss only the proofs of
the assertions concerning Hardy-Lorentz spaces (”Lower case”). Full
proof contained in [22].

Theorem D from [1] supplies an opportunity to consider only func-
tions f from the class W(S),) in all the parts of the theorem thanks
to some limiting procedure.

By the theorem 5.1 and the existence of H°° -calculus of operator
T in Lo, it is sufficient to estimate only the constants C4p from the
definitions of the appropriate AD -classes. For this purpose we shall
use the following representation of the operator f(7T') and its kernel,
obtained by Xuan Duong (see [8]):

£(T) = / e Tn(2)dz, n(z) = / e F(C)d, 1)

Y0

T, = O(t)te™ /2 (O(t)—1)te"0~™/2 Ty = O(t)te"+(O(t)—1)te™™,
teR, Ky(z,y) =/ ko(z,y)n(2)dz,  [n(2)] < cf2] 7| flloo-

To
Now using subadditivity of D -functional we have in the case a) for a

function f with ||f|Le| <1
A . —(n+XAte)
Dutrvw Kyt )3 < Of (Yt (14 52 e <
rAlz z

< Cria — w| =Y, (2)
Hence f(T) € AD,(1, Lo, loo, A\, A, A) and
AD,(u, Loo, lijog, 7,7, A), v € [0,A),t € (0, 00].
uniformly by f. It means the desirable estimate Cap(f) < C||f|Lsol| -
It is left to apply the part ¢) of the theorem 5.1.

To prove part ¢) let us fix a (nonzero) function f ||f|Hsll +
U, (f) <1, satisfying the conditions of ¢), and such that for z € Ty

/OOO fQ(tz)% =c; > 0. (3)

Now we can define operators A : g(z) — {(f(tT)g)(x) }icr, ,

AT hl s, — Ot [ FTRG )T,

teRy
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which define an isomorphism between Lo(R") and La(R", L, at (R4))

because of the theorem F from [1]. Hence, analogously to the deriva-
tion of the formula (2), subadditivity of the D -functional, Minkowski
inequality and finiteness of WU, (f) imply both for k; = K; and for
k= K}

D(r,w,kp(w, ).\, Ly (Ry)) < c/ [l 177z

Ty
—m\ —(n+A+e)
) (1o = wllz 1)) Ly ()] - fiel <
< Otz —w|~ Y, (4)

It means that
AAT € ADL(1, Lo,y loo, A, A\ A) N AD (1, Loo, loo, A, A, A) . Thus the
proof of the part ¢) is finished exactly as ones of the parts a),b) .

5. EXAMPLES OF THE FORMULATIONS OF MAIN RESULTS IN A
MORE GENERAL FORM.

In this section we shall present two theorems which are, in turn,
simplified extracts from the first two main theorems in [22].

Theorem 5.1. Let T be a singular integral operator with kernel K (z,y)
satisfying condition T € ORT,(y,\1), A\ € [-n,00), Ao,y >0 and
bounded from Lg,(R™) into Ly, (R™), t,00 € (0,00], 6; € [1,00];
let also Ng — N1 = n(1/6y — 1/61), p; = (1 + X\;/n)"1 i = 0,1,
u,q € [1700]7 do, 1 € (0,00], q > p1, (90 > Do, and K(:C?y) sat-
isfies condition T' € AD,(u, Ly, X, Aoy A1, 7) UAD(Ly, u, X, Aoy A1,7) -
Then for 1/vy — 1/vg = 1/0; — 1/6y operator T is also bounded with
its norm bounded from above by C(Cup + ||T|L(Lg,, Lo, )||) in the fol-
lowing situations. Assuming min{l,t,p1} > qo > po and the space
X =lijog for M E€Z, or X =1, for \ € Z

a) T € L(Hpyq(R"), Hy o(R")) N L(Hy, s(R"), Hyy s(R")) for vy €
(p0> 90)7 s € (07 OO] ]

b) T € L(Hyyw,(R™), Hy, s(R™)) for vy < q,s € [vg,00], v1 < wy <
min(vq, s,1), and either for 0y > 1,09 € (po,1], or 6y < 1,09 €
(o, o) ;

¢) in particular, for \g = X,0p =61 > 1, s € (0,00]

Te E(Hpo (Rn)a Hpo,tGRn)) n 0,1] L(HP,S(RTL)7 HP,S Rn)) ﬂ

Mpe(1,00) £(Lp,s(R"), Ly sR™).

Theorem 5.2. Let T' be a singular integral operator with kernel K(x,

Y
bounded from Lg,(R™) into Lg, (R™), t,00,6, € (0,00]; let also \g >
0, M € [-n,00), Ao — A1 = n(1/0 — 1/61), finite v > 0, p; =

pe(p

)



SINGULAR INTEGRAL OPERATORS 15

(1 +)\i/n>71ai = 071; u,q € [1700]; q > b1, 90 > Po- Then fOT’
1/vy — /vy = 1/61 — 1/8y operator T € AD,(u, Ly, Moy A1,7) U
AD,(Lyt,u, Ao, A1,7y) : is also bounded with its norm bounded from
above by C(Cap + ||T|L(Lg,, Le,)||) in the following situations. As-
suming min{1,t,p1} > qo > po and K(x,y) satisfying condition

@) T € L(Hpyp(B"), Lyyo(RY) (1 £(Hopo(R), Ly o(R") for v €
(p(),eo),s S (0,00] N

b) T € L(Hyyw,(R"), Ly, s(R™)) for vy < ¢q,s € [vg,00], v < wp <
min(vy, s, 1), and either for 6y > 1,09 € (po,1], or 0y < 1,99 €
(o, o) ;

c) in particular, for Ao = A,00 =01, s € (0, 00]

T € £(Hyo(R"), Ly (R") My ) £(Ep (™), Ly (RY))

d) Assuming w = oo and either vy =p; > 1, or vy =py=t=1, or
under the conditions of part b) with , v =0, vg=1,

T e L(L1(R", A), L, «(R",B)), where 1 —1/v; =1/6y — 1/6;.

Remark 5.3. It is proved in [22] that the limiting cases of the theorems
5.1,5.2 cannot be improved in the sense of reducing the value of the
parameter ¢ of the “target” space H,, ; provide n/p; ¢ N, or the
space L(pi,t), correspondingly.
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ALMOST PERIODIC BEHAVIOUR OF UNBOUNDED
SOLUTIONS OF DIFFERENTIAL EQUATIONS

BOLIS BASIT AND A. J. PRYDE

ABSTRACT. A key result in describing the asymptotic behaviour of
bounded solutions of differential equations is the classical result of
Bohl-Bohr: If ¢ : R — C is almost periodic and P¢(t) = fg o(s) ds
is bounded then P¢ is almost periodic too. In this paper we re-
veal a new property of almost periodic functions: If 1 (t) =tV ¢(t)
where ¢ is almost periodic and P (¢)/(1 + [¢|)V is bounded then
P¢ is bounded and hence almost periodic. As a consequence of
this result and a theorem of Kadets, we obtain results on the al-
most periodicity of the primitive of Banach space valued almost
periodic functions. This allows us to resolve the asymptotic be-
haviour of unbounded solutions of differential equations of the form
dito bjul(t) = tNp(t). The results are new even for scalar val-
ued functions. The techniques include the use of reduced Beurling
spectra and ergodicity for functions of polynomial growth.

Keywords: almost periodic, almost automorphic, ergodic, reduced
Beurling spectrum, primitive of weighted almost periodic func-
tions, Esclangon-Landau.

1. INTRODUCTION, NOTATION AND PRELIMINARIES

A problem arising naturally from a theorem of Bohl-Bohr-Kadets
[21], (see also [4], [9, Sections 5, 6] and references therein) is to in-
vestigate the almost periodicity of the primitive Py when ¢ = V¢,
where ¢ : R — X is almost periodic, X is a Banach space, and N
is a non-negative integer. More generally we describe the asymptotic
behaviour of solutions u : R — X of differential equations of the form
> im0 bjul) (t) = tN¢(t) where b; € X and m € N,

We begin by introducing some notation. The function w(t) = wy(t)
= (1 + [t)) is a weight on R, satisfying in particular w(s + ¢) <
w(s)w(t). By J we will mean R, R, or R_. A function ¢ : J — X is
called w-bounded if ¢/w is bounded and BC,,(J, X) is the space of all
continuous w-bounded functions, a Banach space with norm ||@||w.0o =

suptGRHZ((?)”. Following Reiter [28, p. 142], ¢ is w-uniformly continuous

if [Apdllyo — 0ash — 0in J. Here Ayg denotes the difference
17
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of ¢ by h defined by App(t) = ¢(h +t) — ¢(t). The closed sub-
space of BC,,(J, X) consisting of all w-uniformly continuous functions
is denoted BUC,,(J, X). It is not hard to show that ¢ is w-uniformly
continuous if and only if ¢/w is uniformly continuous. Furthermore,

[Gern = Gilluy oo < w(t) |$n = @],y 0 and so

if p € BUC,,(J, X) then the function

(1.1) . .
t — ¢ J — BUC,(J, X) is continuous.

When N = 0 or equivalently w = 1 we will drop the subscript w
from the names of various spaces.

As an example, note that for A\, N # 0, the function ¢(t) = tNe# is
not bounded or uniformly continuous. However, ¢ is both w-bounded
and w-uniformly continuous and so ¢ € BUC,, (R, X).

We define TP,(R,X) = span{t/e*: 0 < j < N XA € R} and
AP,(R, X) to be the closure in BUC,(R, X) of TP, (R, X).

These are natural generalizations of the spaces TP(R, X) of X-
valued trigonometric polynomials and AP(R, X) of almost periodic
functions which correspond to the case N = 0.

Suppose now that v’ = 1 where u € BUC,,(R, X), v € AP, (R, X)

and X 2 ¢y, that is X does not contain a subspace isomorphically
isometric to ¢y. Kadets proved that necessarily v € AP, (R, X) when
N = 0. However, the following example shows that this is not the case
for general N. Indeed, we will show below that the general case is more
delicate.
Example 1.1. Take X =C, N=1, w(t)=1+[t|, ¥ (t) = 5 coslog w(t)
and u(t) = w(t)coslogw(t) + tw(t)sinlogw(t) — sinlogw(t) — 1.
Then uw € BUC,(R,X), v € AP,(R,C) and u' = . However,
u ¢ AP,(R,C).

The proof of this assertion requires some further theory and will be
given in Remark 4.4.

2. SOME FUNCTION SPACES.

In [12] a function ¢ : J — X is called Maak-ergodic with mean
M¢ = x € X (see also [25], [19], [20], [11]) if for each £ > O there is
a finite subset F' C J with ||Rp¢ — )| < € where Rp¢ = ﬁ Y er Pt
Moreover E(J, X) is the closed subspace of BC(J, X) consisting of
Maak-ergodic functions and Ey(J, X) = {¢ € E(J,X) : M¢ = 0}. If
M : E(J,X) — X is the function ¢ — M¢, it follows that M is linear
and continuous and E(J, X) = Ey(J, X) & X.
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In [12] we also defined a notion of ergodicity that applies to un-
bounded functions. This ergodicity differs from both that of Maak and
that of Basit-Giinzler [9]. Indeed, the space of w-ergodic functions is
defined by E,(J,X) = { ¢ € BC,(J,X) : ¢/w € E(J,X)}. Both
E,(J,X) and Eyo(J, X) ={¢ € E,(J, X) : M(¢/w) = 0} are closed
subspaces of BC,,(J, X). It is convenient to introduce an even larger
class. For this we need P, (J, X) the closed subspace of BC,,(J, X) con-
sisting of polynomials on J with coefficients in X. We shall say a func-
tion ¢ : J — X is w -polynomially ergodic with w-mean p € P,(J, X)
if (¢ —p)/w € Ey(J, X). The space of all such ¢ is denoted PE,,(J, X)
and satisfies PE,,(J, X) = Eyo(J, X)+ P, (J, X). For N # 0 a w-mean
is not unique and this last sum is not direct.

Of course P, (J,C) is finite dimensional and so PE,,(J,C) is a closed
subspace of BC,,(.J, C). Moreover, we can choose a subspace PY(.J,C)
of P,(J,C) such that PE,(J,C) = E,¢(J,C)® PM(J,C). The (con-
tinuous) projection map M, : PE,(J,C) — PM(J,C) then provides a
unique w-polynomial mean M, (¢) for each ¢ € PE,(J,C). Now set
PM(J,X) = PM(J,C) ® X and define M, : PE,(J,X) — PM(J, X)
by M, (¢) = Z?Zl M, (p;)®z; where ¢ € PE,,(J, X) has w-polynomial
mean p = Z?lej ®@xz; € Py(J,C) @ X.

Proposition 2.1. The map M, : PE,(J,X) — PM(J, X) is well-
defined and continuous. Moreover, for each ¢ € PE,(J, X), My(®)
1s a w-polynomial mean for ¢ and for each of its translates. Finally,
PE,(J, X) is a closed translation invariant subspace of BC\(J, X) and
PE,(J,X) = Euo(J,X) @ PM(J, X).

Proof. Let ¢ € PE,(J,X) have means p = Z?lej ® z; and ¢ =
> 14 @y;. Then p —q € Eyo(J,X) and so % o (p — q) € Eyo(J,C)
for all z* € X*. Hence M, (z*o(p—¢q)) =0 = x*o(Zle M, (p;)®@x;—
S My(q;) ® y;) which gives 325 | My (p;) @ 25 = 320 Mu(q)) @y
showing M, is well-defined. Also, p; — M, (p;) € Eyuo(J,C) and so
by Lemma 2.2(a) below p — M, (p) € E,o(J,X). Hence M,(¢) is

a mean for ¢. Moreover, [|z* 0 My(9)|l, o = [Mu(z*0 )|, <

cllz” ol o = csupey ™o o)l fw(t) < clz*[||[4ll, - Hence,
" 0%y, 00

MO < € 18lune where I9ll] = supprex- Zoem for

P,(J,X). By Lemma 2.2(b) below, M, is continuous. If (¢,) is
a sequence in PE,(J, X) converging to ¢ in BCy(J,X), let p, =
M,(¢n). Then (p,) converges to some p € PM(J, X) and so (¢2-E»)
converges to % in BC(J,X). By the continuity of the Maak mean
function, M(£2) = 0 and so PE,(J, X) is closed. That PE,(J, X) =



20 BOLIS BASIT AND A. J. PRYDE

Euo(J,X) + PM(J, X) is clear and that the sum is direct follows
from the Hahn-Banach theorem. Finally, for each t € J we have
¢* A*¢ + ¢ P and so, by Lemma 2.2(c) below, p is a w-polynomial
mean of gzﬁt and PE,(J,X) is translation invariant. O

Lemma 2.2.
(a) If p € Py(J,X) and x* op € E,o(J,C) for each z* € X* then
p € Eyo(J, X).

(b) On Py(J, X) the norms ||g]l,, .. and |[|]|| = sup,.cy. Zrdees

‘ (|1l
are equivalent.

(c) If ¢ € BC(J, X) then Avp € Eyo(J, X) for allt € J.

(d) If p € PE,(R, X) has w-mean p, then ¢|; € PE,(J, X) and ¢|;
has w-mean p|;.

() Pu(J, X) C BUC,(J,X).

(f) Let ¢ € BUC,(R, X), f € LL(R) and suppose ¢|; is w-polyno-
mially ergodic with w-mean p|; where p € P,(R, X). Then (¢ * f)|; is
w-polynomially ergodic with w-mean (p * f)|; .

Proof. (a) We can choose qi, ..., gm € P,(J,C) and linearly independent
unit vectors xy, ..., x,, € X such that p = 27:1 ¢; ® z;. Also choose
unit vectors xj € X* such that <x;‘,x,> = 0;;. Given ¢ > 0 there
are finite subsets Fj of J such that ||Rp;(z} o p/w)|| < e/m. Setting
F=F+..+F, we find

|Rr(p/w)l|| ZRF gi/w) @ x;

< D lIRr(g/w)
J:

= Z | Rr( 5 op/w)|| < Z HRF](:(:;‘ op/w)|| <e.

This proves that p € Ey,o(J, X)
(b) Let {p1,...,px} be a basis of P,(J,C) consisting of unit vec-
tors for the norm ||p|l, . If p = 25:1 cjpj, where ¢; € C then

1Pl 00 ~ Zle llejll, ~ denoting equivalence of norms. Every ¢ €
P,(J, X) has a unique representation ¢ = Zle p; ® xj, where z; €
X, and by the closed graph theorem, |9, ., ~ 2521 |z;||. Hence,
lolll = sup |5y s )| /el < Sy sl ~ 16l Con-

versely, choose jo such that ||z;|| < |z;,|| for each j. Then choose
z* € X* such that (z*, z;,) = ||z, and ||z*|| = 1. Hence,
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k

E I[EJ

7j=1

el =

w,00

k k
~ Dot 2 el 2 7 )l ~ 6]
J=1 Jj=1

(c) We have 212 = A,(2) +(2),22% where Ay(2) € Ey(J, X) by [11,
Proposition 3.2] and (£),2 € (J, X).
(d) We prove the case J = R+ Given € > 0 there is a finite subset

F={t, ..t Ly (R) (¢ 4 1) H <ecforallt € R,

choose u;,v; € R+ such that ¢t; = u; —v;. Let v = v; + ... +-v,, and set

sj=1t;+v. Sos; € Ry and H% Z;n:l(%)(sj + t)H <ceforallt e Ry.

(e) Given p € P™(J,X) we may choose p; € P*(J,X) and ¢; €
P"(J,C) with ¢;(0) = 0 such that Aup(t) = Y p;(t)q;(h) for all
hyt € J. Hence || App(t)|| < cw(t) Y27, |a;(h)], where ¢ = sup; [[p;]],, o
and so p € BUC,(R, X).

(f) If x is the characteristic function of a compact set K C R then
(¢ —p)* x(s) = [_j (& —p)i(s)dt for each s € R. But for each ¢ € R,
(¢ —p)e = Ai(¢ — p) + (¢ — p) and so by (), (¢ — p)ils € Ewo(J, X).
Also, by (e), ¢ —p € BUC,(R, X). By (1.1), the function t — (¢ —
p)els : R — Eyo(J, X) is continuous and hence weakly measurable and
separably-valued on —K. The integral [ (¢ — p)¢|sdt is therefore a
convergent Haar-Bochner integral and so belongs to E,o(J, X). As
evaluation at s € J is continuous on £, o(J, X') we conclude that ((¢ —
D) * X)|s € Eywo(J, X). Hence also ((¢ —p) *x0)|; € Eyo(J, X) for any
step function o : R — C By [28, p. 83] the step functions are dense in
LI (R) and so ((¢p — p) * f)|s € Ewo(J, X) for any f € LL(R). O

?vl»—l

The difference theorem below, included here in order to characterize
E,(J,X) will also be used later. We use the notation C,o(J, X) =
{wg : £ € Cy(J, X)}, clearly a closed subspace of BUC,,(J, X).

Theorem 2.3. Let F be any translation invariant closed subspace of
BC,(J,X). If ¢ € PE,(J,X) has w-mean p and Ny € F for each
ted, then—peF + Cuo(J, X). If alsow =1, then ¢ —p € F.

Proof. For any finite subset F' C J P _Rp(£P) = —ﬁ S er Au(£2)

and so ¢ —p = wRp(%F) - T Lter Db + 1 Yorer(T)eAvw +
\Tll > ier Ap. The first term on the right may be made arbitrarily
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small in norm by suitable choice of F. The second term is in F by
assumption, the third and fourth terms are in Cy,o(J, X) since Asp,
Aww € Cyppo(J,X) for t € J. If w = 1 then Ayw = Ayp = 0 which
shows ¢ —p € F. O

We are now able to characterize w-polynomially ergodic functions.
Denote by D,, o(J, X) the closed span of {A;¢ : t € J, ¢ € BC,,(J, X)}U
Cuwo(J, X) and by D, (J, X) the closed span of {Ay¢p : t € J, ¢ €
BCu(J, X)}.

Corollary 2.4. E,,o(J, X) = Dyo(J, X). Ifw =1, then D, o(J, X) =
Dw(JaX) = EO(JaX)

Proof. Since Cyyo(J, X) C Eyo(J, X), by Lemma 2.2 (¢) and the closed-
ness of Ey,o(J, X), we have D, o(J, X) C Eyo(J, X). Conversely, let
¢ € Eyo(J,X). Then Ay € D, (J, X) for all t € J and by Theorem
2.3, ¢ € Dyo(J, X). If w =1, then for any ¢ € Cyo(J, X) and any
finite subset F of J, we have ¢ = —|—}m| Y orer A0+ Rpt. As [|[Rpl|,, o
may be made arbitrarily small, we conclude that v € D, (J, X) and
hence Dy, o(J, X) = Dy(J, X). O

We conclude this section with a characterization of AP, (R, X).
Theorem 2.5. If N > 1, then AP,(R, X) = tVAP(R, X)®C,, o(R, X).

Proof. Note firstly that the sum on the right is direct. For suppose
tNpy + & = tNhg + & for ¢; € AP(R,X) and & € Cypo(R, X). Set
g(t) = 1+ t)N =tV and J = Ry. Then (1 — )|y = 4 (& — & —
qs + q)|s € Co(J, X). This is impossible unless ¢y = 1, (see [31]
or [5, Proposition 2.1.6). The sum is also topological. For suppose
bn = tNih, + &, where ¥, € AP(R,X) and &, € C,o(R, X) and
(¢n) converges to ¢ in BC,(R, X). Then 22|, = 4, |; + 22|, €
AP(R, X)|; & Co(J, X). But this last sum is a topological direct sum
(see [5, 31]) and so (¢,|s) converges to v|; for some 1) € AP(R, X).
Hence (¢,,) converges to ¢ in AP(R, X) and (tN wn) converges to tN
in AP, (R, X). It follows that (&,) converges to some £ in Cy (R, X)
and that ¢ = tV¢ + &

Next, given ¢ € AP,(R,X) we may choose a sequence (m,) C
TP,(R, X) converging to ¢ in AP,(R, X). But m, = tN, + &, where
Y, € TP(R, X) and &, € Cyo(R, X). It follows from the previous para-
graph that ¢ = V1) + & for some 1 € AP(R, X) and £ € C,0(R, X).

Conversely, let ¢ = tN¢ + £ for some p € AP(R,X) and ¢ €
Cuwo(R, X). We may choose o, € TP(R, X) such that ||¢(t) — a,,(2)]| <
L (see[1, (1.2), p. 15] or [23]). Moreover, & € Co(R, X) and [|£(s)]| <
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[€]]o0..o (s) for all s. Hence we may choose t, > 0 such that [|£(1)]| <
Law(t) for all |t| > t,. Then choose t, > t, such that ||¢]|_ , w(t,) <
Lw(t,). It follows that [|£(¢)]] < Zw(t) and [|€(s)] < 1w( n) for
all |[t| > t, and all |s| < ¢,. Since € is continuous we may choose
Bn € TP(R, X) such that ||£(s) — Bu(s)|| < % and ||5,(t)]| < %w(tn)%—%
for all |s| < t, and all t. Thus [|£(s) — Ba(s)|| < 2w(s) for all s. Set
7, = tNa, + 3, € TP,(R, X). Then (m,) converges to ¢ in BC,,(R, X)
and so ¢ € AP,(R, X). O O

Corollary 2.6. AP,(R, X) C PE,(R, X).

Proof. Let ¢ =tV + & where v € AP(R, X) and £ € C,,o(R, X). Set
= tN M and ¢y = 1) — Myp. Then 2 = ¢py — L2 4+ £ on R, and
L = —1y —I— Y 4+ £ on R_. Hence £2|; € Ey(J, X) for J = Ry or
R_ and thus &2 ¢ EO(R X) O

o3

d

3. SPECTRAL ANALYSIS

Throughout this section we will assume that F is a BUC),-invariant
closed subspace of BC,,(J, X). A subspace F of BC,,(J, X) is called
BUC,,-invariant (see [12]) if ¢|; € F whenever ¢ € BUC,(R, X),
¢|; € F and t € R. Numerous examples are provided in [12].

The dual group of R is denoted R = {, : s(t) = €' for s, t € R}
and the Fourier transform of f € L'(R) by f Vs) f f(t)ys(—t)dt

Let ¢ € BC,(R,X). The set I,(¢) = {f € LL(R ) ¢*f = O}
is a closed ideal of L!(R) and the Beurling spectrum of ¢ is defined
to be spu(¢) = cosp(ly(¢)) = {y € R : f = 0 for all v € I,(¢)}.
More generally, following [5, Section 4], the set Ir(¢) = {f € LL(R) :
(¢ * f)|; € F}is a closed translation invariant subspace of L} (R) and
therefore an ideal. We define the spectrum of ¢ relative to F, or the
reduced Beurling spectrum, to be spz(¢) = cosp (I£(¢)).

The following proposition contains some basic properties of these
spectra. The proofs are the same as for the Beurling spectrum. See for
example [17, p. 988] or [29] also [6], [15], [27].

Proposition 3.1. Let 9,9 € BC,(R, X).

(a) spr(dr) = spr(¢) for allt € R.

b) spr(¢ f) C spr(o) Nsupp(f) for all f € Ly, (R).
(¢ + ) C spr(d) Uspr().
(

v¢) = vspr(@), provided F is invariant under multiplication
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(e) If f € LL(R) and f =1 on a neighbourhood of spr(¢), then
spr(o % f— ) = 0.

The following theorem is proved in [12](see also [10], [11]). It gives
our motivation for introducing spz(¢).

Theorem 3.2. Let ¢ € BUC,(R, X).
(a) If f € Ly,(G) and ¢|; € F, then (¢ f)|; € F.

(b) spr(¢) =0 if and only if ¢|; € F.
(c) If AF¢l; € F for allt € R and some k € N, then spr(¢) C {1}.
)

(d) spr(¢) € {m, ;W) if and only if ¢ = + 377 m;y; for some
¥, n; € BUC,(R, X) with ¢|; € F and Am;l; € F for each t € RN

4. PRIMITIVES AND DERIVATIVES

Throughout this section we assume that F is a translation invariant
closed subspace of BUC,,(J, X ). Examples of such classes are

P,(J,X), Cuo(J.X), AP,(R,X), E,o(J.X) N BUC,(J,X) and
PE,(J,X)NBUC,(J, X).

We define the primitive P¢ of a function ¢ € BC, (R, X) by Po(t) =
f(f o(s)ds
Theorem 4.1.

(a) [f fw denotes any Of B w(’]7X)7 C’w,O(‘]vX)? Ew,O(J7X)7
P,(J,X), PE,(J,X) or AP,(R,X) then P maps F, continuously

mnto  Fuw, -
(b) If ¢ € Eyo(J, X) then Pp € Cyu, o(J, X).
(¢) If p € AP,(J, X) has w-mean p. Then P(¢p—p) € Cypu, o(R, X).

Proof. Take J = R, the other cases being proved similarly. If ¢ €
BCy(J,X) and t € J then ||Po(t)|] < t.||¢]|wocw(t). Hence P maps
BC,(J, X) continuously into BCyy, (J, X). If also ¢ € Cy(J, X) then
given € > 0 there exists ¢y > 0 such that ||¢(¢)|| < ew(t) whenever t >
to. For these t we have ||P¢(t)|| < foto l|6(s)|| ds + ew(t)(t —to) and so
P maps Cyo(J, X) into Cyu, o(J, X). Next, P(A;p) = Ay(Pp)— Pop(t)
and since P is continuous it follows from Corollary 2.4 that P maps
Eyo(J, X) into Eyy, o(J, X). The result for P,(J, X) is clear and so
therefore is the result for PE,(J, X). For (b) note that ||A; Po(s)|| <
tw(t)w(s) ||¢]|we for all s € J. Hence Ay(P¢p) € Cyuyo(J, X). If
¢ € Eyuo(J,X), we can apply Theorem 2.3 to P¢ to obtain P¢ €
Cuwuwr 0(J, X). Finally, (c) follows from (b) using Corollary 2.6, and then
(a) with F, = AP, (R, X) follows from (c) using Theorem 2.5. O
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Proposition 4.2.
(a) If € BCW(R, X) and sp,,(¢) is compact, then ¢ € BUC,(R, X)
for all j > 0.

(b) If € F and ¢’ is w-uniformly continuous, then ¢' € F.

(c) If € BC(J,X) and ¢ is w -uniformly continuous, then ¢’ €
Buol(J, X) 0 BUC,(J, X).
)

(d) If ¢,¢' € BCW(R, X) then spy(¢') C spu(p) C spu(¢’) U{1}.
(e) If 6, ¢ € BCw(J, X) then ¢ € BUC,(J, X).

Proof. (a) Choose f € S(R), the Schwartz space of rapidly decreasing
functions, such that f has compact support and is 1 on a neighbourhood
of spu(#). Then fU) € LL(R) for all j > 0. Moreover, ¢ = ¢ * f and
so ) = ¢ x fU) for all j > 0. Hence ¢) € BUC,(R, X).

(b) If 1, = nAy/n¢ then ¢, € F. Moreover, by the w-uniform
continuity of ¢, given € > 0 there exists n. such that

< ew(t)

1/n
[n(t) = &' ()] = n/o (¢'(t+s) — ¢'(t))ds

for all t € J and n > n.. Hence ¢' € F.

(c) With the notation used in the proof of (b), ¢, € Ey,o(J, X) N
BUC,(J,X) by Lemma 2.2(c). Hence, so does ¢'.

(d) For any f € L!(R) we have ((b*f) @'+ f and so I,,(¢ ) I,(¢ )
Hence, sp,(¢’) C spy(¢). For the second inclusion, let g(t) = exp(—t?)
so that g,¢' € L. (R) and g is never zero. Now take v € R ( w(@') U
{1}). So 7(t) = €' for some s # 0 and there exists f € L. (R)
such that ¢ * f = 0 but f(7) # 0. Let h = fx¢ € LL(R). Then
pxh=0¢xf*xg =¢ * fxg=0 whereas ﬁ(y) :isf(y)g(v) # 0. So
7 & spw(¢) showing spy(¢) C spw(¢) U {1}.

(e) For any h,t € J we have ||Apo(t)| = H thzﬁ'( )ds’ < |h| -
[¢/[] 4,00 w(R)w(t) from which it follows that ¢ is w-uniformly continu-
ous. O

Proposition 4.3. Let ¢ € F and assume that F is BUC\,-invariant.

(a) If P¢ is w-polynomially ergodic with w-mean p, then Py —p €
F+Cuo(J, X).

(b) If F = AP, (R, X) and Pé € PE,(R, X), then Pp € AP, (R, X).
) If F = AP,(R, X) and P¢p € BUC,(R, X), then spr(P¢) C {1}.

(c
(d) If F = Co(Ry, X) and P¢ is ergodic with mean ¢, then P¢p—c €
CO(R-H )
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Proof. (a) Take J = R, the other cases being proved similarly. Ex-
tend ¢ to an even function ¢ € BUC,(R, X). For t > 0 set x; =

X[-t,0] S0 that AyP¢ = (5* Xt) = s <$_S> |yxi(s)ds. Since ¢ €
BUC, (R, X) the integral converges as a Lebesgue-Bochner integral.
Since F is BUC,,-invariant ((E,s) |; € F and therefore A;P¢ € F.

The result follows from Theorem 2.3.

(b) In view of Theorem 2.5, this follows from (a).

(c) Let s,t € R With x; as in the previous proof, (AsP¢); = ¢y * X
and by Proposition 3.2 (a), (AsP¢); € F. By Proposition 3.2(c),
spr(Po) € {1}.

(d) This is a special case of part (a). O

Remark 4.4. Recall u(t) = jw(t)coslogw(t) + sw(t)sinlogw(t) —
sinlogw(t) — & from Ezample 1.1.  So u/(t) = ﬁcos logw(t) and
therefore v’ € Cyo(R,C) C AP,(R,C) C PE,(R,C). However, u ¢
PE,(R,C). Indeed, if u € PE,(R,C) then for t € Ry set () =
w(t) coslogw(t) + w(t)sinlogw(t). So & € PE,(R.,C) and for some
polynomial p(t) = at + b we have (£ —p)/w € Ey(Ry,C). Thus n =
¢/we E(R;,C). Butn'(t) = [—sinlogw(t) +coslogw(t)]/w(t) and so
n' € Co(R,C). By Proposition 4.3(d) we conclude n € Co(Ry,C) 4+ C
which is false.

Lemma 4.5. For natural numbers m, N and non-negative integers j, k

set a(m,j) = (—1) (];7) (" H]) 7'

(a) Pm(tNg) = 3N ga(m, j)tNT P for any ¢ € Liy,(J, X).

N a(m, ) Qe ) k)! if m<k
b)z(,Jr’;)': 0 if k+1<m<k+N.
= ' (D)~ ("% 1)(N]i!k)! if m>k+N

(c) ;V:O a(m,j) tN I Pitly = PZ;V:Oa(m — 1, )N Pir for any
re Pm_g(J,X).

Proof. (a) For N = 1 the claim is readily proved by induction on m.
The general case is then proved by induction on N.
(b) For m > k + 1 we have

st =20 () ) o

Jj=0
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_1.2 *(3) T

=0

.

N
N

|Z < )Dmkltm+j 1|_1

=0

J=0

.

1
— —Dm—k—l tm—l(l . t>N|t:1.

(m—1)!

For m —k —1 < N this last expression is 0 and for m —k—1 > N it is

B 1 m—k—1\(m—1)! N
_(m—l)!< N )(N+k)!(_1) a

as claimed. For m < k the claim follows readily by substituting ¢(t) =
th=m in (a).
(c) Tt follows readily from (b) that Z;V:o “((?Jkl)’!]) =(N+k+1)x

Z;V:o (;ﬂfl))! if 0 <k <m—2. Sosetting r(t) = 317 cxt* we find

Y alm. ) N9 P

j=0

= = a(m,y)
_ ol R Z )
] |
— = (j+k+1)!
m—2 N .
1 a(m—1,7)
k:ok N+k+1z (j+ k)!
m—2 1
P ey M=l

]+k

k=0 7=0

N
a(m —1,7) t" 77 P’r(t). 0

]
~
vl

Our main result is the following:

Theorem 4.6. Assume ¢ € AP(R, X) and that Z;‘V:o b tNTIPitlg e
BUCy (R, X) for some b; € C, by # 0.
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(a) Pp € BUC(R, X) andzfzj 07 ]H - # 0 then M¢ = 0.
(b) If X 2 ¢o then P(¢p — M¢) € AP(R, X).

Proof. Let a = M¢ and ¢ = Y2 b, tN‘ij+1gz5 Then we have ¢ =
N i .

> i=o btV J.PJ'+1(¢ a) +tNtla ZJ o (]H) By Theorem 4.1(c), ¢ —
Z;Y:o b t" TPt — a) € Cyuy,,0(R,X) and so either a = 0 or
Z;V:o ﬁ = 0. To prove the rest of the theorem, we may assume
a = 0. By Theorem 4.1(c), P/¢(t)/w;(t) — 0 as t — oo. Since ¢
is almost periodic we may choose (t,) C R such that ¢, — oo and
¢t, — ¢ uniformly on R. Moreover, as M¢ = 0, by Theorem 4.1(c),
Pig(s+t,)/w;(s+t,) — 0 uniformly on R for j > 0. Given z* € X*, it
follows that x*o P¢, — x*oP¢ locally uniformly. Moreover, by passing
to a subsequence if necessary, we may assume z* o ¥(t,)/wy(t,) — b
for some b € C. By Theorem 4.1(c) again, we obtain

Ot +t,) Zb (t+t,)N" J/ Pig(s +t,)ds + P g(t,)]

= ¢( ) + botN Po(t +t,) + o(t)).

Therefore z* o Y (t + t,,) /wn(t +t,) — b+ boz* o Pp(t) for each t € R.
Hence, since ¥ /wy is bounded, so too is x* o P¢. Since z* is arbitrary,
P¢ is weakly bounded and therefore bounded. From Proposition 4.2(e)
it follows that P¢ € BUC(R,X). If also X 2 ¢y then by Kadet’s
theorem [21] (see also [4]), P¢ is almost periodic. O

Corollary 4.7. Assume ¢ € AP(R, X) and P(tN¢) € BUC,, (R, X).
(a) Pp € BUC(R, X) and M¢ = 0.
(b) If X 2 ¢ then P¢p € AP(R, X).

Proof. Since P™(tN¢) = Z;V:o a(m, j)tN "I P™ ¢ the result follows

from Theorem 4.6 and Lemma 4.5. U
Theorem 4.8. Assume ¢ € AP(R, X), X 2 cy, P"(tV¢) +p €
BUC, (R, X) for natural numbers m, N and some p € P,_1(R, X).
Then P (tN¢) +p™m=) € AP, (R, X) for 1 < j < m. Moreover, there
is a polynomial ¢ € Pp,_1(R, X) such that P¢ + ¢ ¢ AP(R, X)
for 1< j<m and, if p(t) = 31 bpt* then Zj.vzoa(m,j) tN=ipig =
m—1
k=N+1 byt*.
Proof. The proof is by induction on m. If m = 1 then, by Lemma

N ally N N
45 2o (j(-il-lj))! = 53 and P(t"¢) = X7 a(l,5)tNTPITe <
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BUC,, (R, X). Therefore, by Theorem 4.6, M¢ = 0 and P¢ €
AP(R, X). Moreover, by Lemma 4.5(b),

N

a(1,§)tN TP (MPg) = (MPg)tY Y =

|:0.
=0’

M-

Il
o

j
Hence P(tN¢) = YN ja(l,j)tN7PI(P¢ — MP¢) and by Theorem
4.1(c), P(tN¢) € AP, (R, X). For m > 1, Theorem 5.2 below shows
PI(tNg) +p'm=9) € BUC,, (R, X) for 1 < j < m. Hence, as induction
hypothesis we may assume there is a polynomial r € P, _5(R, X) such
that for 1 < j < m—1we have PIg+rm=1=9) ¢ AP(R, X), P/(tV¢)+
pm=) € AP, (R, X) and Zﬁi pa(m—1,5)tN "I Pir = S0 kbthL
In particular, n = P™ " 1¢ +r + c € AP(R, X) where the constant c is
to be chosen Moreover, by Lemma 4.5(d), Z;V:O a(m, j) tN I Pitly =

k: N+2 byt*.

Now set ¢ = P(r + ¢ — M¢) so that P™¢ + q = P(n — M¢). By
Theorem 4.6, to show P"¢ + q¢ € AP(R, X), it suffices to show that
S ¥ oa(m, j) NI Pitly € BUC,, (R, X). By Lemma 4.5(a),

N
Pr(tNg) = Y a(m, j) " P" g

Jj=0

N
Za m,j) tN TP (n —r —¢).
7=0
Since P™(tN¢)+p € BUC’w (R, X), it suffices to show Z;V:o {a(m, j)x

tNTIPIt (4 c) } = S N1 Dith
It N > m — 2 we choose ¢ = 0 as then both sides are 0. Other-
wise N < m — 2 and by Lemma 4.5(c) we may choose ¢ such that

Z;V:O a(m,j) tNIPte = by tN L that is CZ;-V:O ‘ZJ(TIJ)? = byg1.

In this case also we have by Theorem 4.6, Mn = 0. In either case
Z;'V:o a(m, j) NI Plqg = Z;'V:O a(m, j) tNT P (r +¢) = km;1\1/+1 bit*
and Y a(m, j)tNIPI+My = 0. Finally,

N
P (tNg) + :Zam] ) NPT (i —r —c— M¢) +p
=0

J]=

N N
Zamj ) NI PP + q) +Zbktk
Jj=0 k=0

and by Theorem 4.1, P"(tV¢) + p € AP, (R, X). O
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Remark 4.9. (a) In Theorem 4.6(a) the space AP(R, X) may be re-
placed by the class of Poisson stable functions. These are functions
¢ € C(R, X) for which there exist sequences (t,) C R such that t,, — oo
and &, — & locally uniformly on R. In part (b), AP(R, X) may be
replaced by any class for which Kadet’s theorem remains valid. These
include Poisson stable functions, almost automorphic functions and re-
current functions (see [4 ]).

(b) If p =0 in Theorem 4.8 then Zj.vzo a(m, j)tN"IPiq = 0, which
reduces to ¢*)(0) =0 for0 <k <m — N — 1.

(c) Assume ¢ € AP(R,X) where X 2 co. By Theorem 4.8, if
P (tN¢) + p € BUC,, (R, X) for some p then P"¢ + q € AP(R, X)
for some q.

The converse is also true. Indeed, P™(t"¢) = Zjvzl {a(m, 7)x
tN*ijJ“jgb} +tN P and the result follows from Theorem 4.1(c).

(d) These results are dependent on the Poisson stability property of
¢. Indeed, consider the function ¢ € Cy(R,C) given by ¢(t) = ﬁ
Then P(tp) = |t| — In(1 + |t|) and P¢p = sgn(t)In(l + |t|). Hence
P(tp) € BUC,,(R,C) whereas P ¢ BC(R,C).

(e) A well-known example to show that the condition X 2 ¢y may
not be omitted from Theorem 4.6 is as follows. Let X = ¢y and ¢(t) =
(LsinL)ee, so that Po(t) = (2sin® £)52,. Then ¢ € AP(R,co) and
P¢p € BUC(R,cy). However, Pp does not have relatively compact
range so it is not almost periodic.

5. ESCLANGON-LANDAU THEOREM

In this section we use the abbreviations
(5.2) Bu = Z bu)
§=0

and assume b, = 1,0, € C, u:J — X.
We prove a theorem of Esclangon-Landau type ([18], [22], [14], [7],
[16] and references therein).

Lemma 5.1. If Bu = 1 where u,vp € BCy,(J,X) then ul)(t) =
O™ for1 < j < m.

Proof. Since u(™ =) — ZT__OI bjul), taking P™~* we obtain

m—1

m—k
u® =N P O (0) 4+ PRy = > b PR,
J=1 7=0
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Setting k = 1 we conclude that «/(t) = O(|t["*™"). In general
u(k)<t) — O(|t|N+mfl) N Z;rl:;i_k_‘rlbjpm—ku(j)(t) _ O(|t|N+mfl) +

Zk LO( (Jul)(t)]) from which the result follows by induction. O

Theorem 5.2. If Bu = 1 where u,vb € BCy,(J,X) then ul) €
BCyy(J,X) for 1 <j <m.

Proof. Take J = R,, the other cases being proved similarly. The
proof is by induction on m. First, if m = 1 the equation becomes
u' + bou = 1 showing v’ € BC,,(J, X). For the general case we use
the functions f and @ defined by f(t) = exp(—t) for t > 0, f(t) =
0 for t < 0, u(t) = u(—t) for —t € J and a(t) = 0 for —t ¢ J.
It follows that e’ [~ e *u(s)ds = [~ e u(s + t)ds = @ * f(—t) and
ux* f € BCy, (R, X). Moreover, using repeated integration by parts
and Lemma 5.1, we find €’ [ e *u®(s)ds = —Z D(t) + @ * f
(—t). Hence the equation B¢ = 1 may be transformed to the equation
S b S uO(t) = (g by k f (—t) — % f (—t). This is an
equation of order m — 1 and so by the inductlon hypothesis u) €
BCyy(J,X) for 1 < j < m — 1. Hence u(™ = ¢ — Zmlbuj)e
BCy (J, X) which finishes the proof. O

6. APPLICATION

Again we use the abbreviation Bu = 37" bjut) and assume b,, =
1. By pp we denote the characteristic polynomial of the differential
operator B. Thus pp(s) = > 7" b;(is)’ and for smooth f we have

é}“(’ys) = p5(s)f(7s). The set of complex zeros of pg is denoted Z(B).

Lemma 6.1. Assume u € BC,, (R, X) and F is a BUC,,, -invariant
closed subspace of BCy,(J, X). If Bu = ¢ where ¢ € BUC,,, (R, X)
and |y € F then spr(u) C {vs:s € Z(B) NR}.

Proof. Take s € R with pg(s) # 0. Choose f € S(R) with f(7,) # 0
and set g = Bf. Then uxg = ¢ x f and by Theorem 3.2(a), (¢ * f) | €

F. Hence g € Ir(u) whereas §(v:) = ps(s)f(7:) # 0. So 7. ¢ spr(u)
and the proof is completed. O

Theorem 6.2. Suppose Bu = 1 where u € BC,,, (R, X) and ¢ €
AP, (R, X).

(a) If Z(B) NR = @ then u) € AP, (R, X) for 0 < j <m.

(b) If Z(B)NR # @, but X 2 ¢y and ¢ = tN¢ where ¢ € AP(R, X)
then u9) € AP, (R, X) for 0 < j < m.
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Proof. (a) Let F = AP, (R, X). By Lemma 6.1, spr(u) C Z(B)NR =
@. Hence, by Theorem 3.2(b), u € F. The Esclangon-Landau Theorem
5.2 shows u,u/,...,u™ € BC,, (R, X) and then Proposition 4.2(e)
shows wu, v/, ...,u™ Y € BUC,,(R,X). From Proposition 4.2(b) we
conclude o/, ...,u™Y € F. Rearranging the differential equation, we
obtain u(™ € F.

(b) The proof is by induction on m. Note first that by Theorem
5.2, u¥) € BCy, (R, X) for 0 < j < m. Let A € Z(B) N R and make
the substitution 1(t) = exp(—iAt)u(t) so that n¥) € BC,, (R, X) for
0 <j<m If m =1 the equation v — iAu = tV¢ reduces to ' =
exp(—iM)tV¢. From Theorem 4.8 we conclude n € F. Hence u,u’ €
F as claimed. For general m, the equation Bu = t"¢ reduces to
an equation of the form 7" c;n¥ = exp(—iAt)tN¢ where ¢, = 1.
This is a differential equation in " of order m — 1. By the induction
hypothesis, or by part (a) if the characteristic polynomial has no real
zeros, nU) € F for 1 < j < m — 1. It remains to show n € F. For
this, let & = min{j : ¢; # 0}. From 77, cn9) = exp(—iAt)tN ¢ we
obtain >, cn=k) = Pk(exp(—iAt)tN ¢) +p for some polynomial p of
degree at most k — 1. But n) € BC,, (R, X) for 0 < j < m and so by
Theorem 4.8 again we conclude P¥(exp(—iAt)t"V¢) € F. Since ¢, # 0
we can rearrange the differential equation and obtain n € F. U

Remark 6.3. The asymptotic behaviour of bounded solutions of equa-
tions more general than (5.1) are investigated by numerous authors (see
[2], [3], [6], [8], [18], [26], [27], [30]). In particular, it follows from
[12, Theorem 4.7] that if ¢ € BUC,(J, X), spap,(¢) is countable and
v 1o € Ey(J,X) for all v € spap,(9), then ¢ € AP, (R, X). In this
paper for solutions of (5.1) we have replaced the ergodicity condition by
X 2 co. This is satisfied, in particular, if X is finite dimensional or
reflexive or weakly sequentially complete. So, the results of Theorems
4.6, 6.2 are new even for X =R or C.
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GAUSSIAN UPPER BOUNDS FOR HEAT KERNELS
OF A CLASS OF NONDIVERGENCE OPERATORS

XUAN THINH DUONG AND EL MAATI OUHABAZ

ABSTRACT. Let Q be a subset of a space of homogeneous type.
Let A be the infinitesimal generator of a positive semigroup with
Gaussian kernel bounds on L?(2). We then show Gaussian heat
kernel bounds for operators of the type bA where b is a bounded,
complex valued function.

1. INTRODUCTION

Behaviour of heat kernels has long been an active topic in functional
analysis and partial differential equations. In the past few years, it
is known that heat kernel bounds such as Gaussian bounds or Poisson
bounds imply various useful properties for operators such as LP spectral
invariance [1], [9], bounded holomorphic functional calculi on L spaces
[11], L? — L9 maximal regularity for abstract Cauchy problems [12], [7],
LP-analyticity of the semigroup [15]. A large class of divergence form
differential operators on the Euclidean space R” are known to pos-
sess Gaussian heat kernel bounds, see [8], [2], [4] and their references.
However, nondivergence operators with L> coefficients, or even with
uniformly continuous coefficients, do not possess Gaussian bounds in
general, [5], [6]. Hence we can only hope Gaussian heat kernel bounds
for specific classes of nondivergence form operators.

The nondivergence form operators —bA on the Euclidean space R”
were studied in [14]. It was proved that if b : X — C is any bounded
measurable function on R? such that

Rb(z) > 6 >0forae zeX (1)

then the kernel k;(x,y) of the semigroup e 4 has an upper bound
with polynomial decay in |z — y|. It was also observed that one can
improve it to exponential decay by controlling the constants in the
upper bound.

The proof in [14] depends on the specific Laplacian A through certain
estimates using Sobolev embedding and contraction property of the
heat semigroup e ** on R”. Note that since b is complex-valued, the

semigroup e 2 is no longer contractive.
35
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This result was extended in [10] where it was shown that if the heat
kernel p;(z,y) of an operator A has a Gaussian bound

C _. 26w
OSPt(%y)Sme to.

(2)

then a similar upper bound holds for the heat kernels of bA. The
proof in [10] relies on the Trotter product formula and estimates on
the resolvents. During a seminar, the second named author was asked
by E. B. Davies if the result in [10] was still true in more general setting
like manifolds where the heat kernel bounds take the form

C L Pew
0 S Pt($7y) S U(I’, \/E)e
This is a natural question and this paper is to give a positive answer
when the underlying space is a space of homogeneous type or a subset
of a space of homogeneous type.
Throughout this paper, C', C’, ¢ and ¢ denote positive constants
whose value may change from line to line

2. MAIN RESULT

Let (X, d, ) denote a metric space equipped with a o —finite measure
(. We assume that X satisfies the doubling property

v(x,2r) < Mu(xz,r) Vee X,Vr >0, (3)

where M is a constant and v(z,r) denotes the volume of the ball with
center x and radius r.

Suppose that — A is the generator of a bounded analytic semigroup e~
on L*(X,u) which has a kernel p;(z,y) satisfying a Gaussian upper
bound

tA

C d?(x.y)
——e T
0 S pt(%.y) S U(ZL’, \/%)6 (4)
for some positive constants C, ¢ and for all ¢ > 0.
The aim of this paper is to show that if b : X — C is any bounded
measurable function on X which satisfies condition (1), then e~*4 has
a kernel k;(z,y) which satisfies a similar Gaussian upper bound, that

is
Y R

C
ke(, )| < me ‘ (5)

for some positive constants C, ¢ and for all ¢ > 0.

As we mentioned above if v is polynomial in r and independent of the
centre , i.e., v(z,r) = cr? for all x € X, r > 0, condition (4) becomes
condition (2) and a similar estimate to (5) (with v(z, v/t) replaced by
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tP/2) was shown in [10]. In a slightly more general setting, Gaussian
lower bounds of k;(z,y) were also studied in [16].

The proof of our main result relies on the same strategy as in [10] in
the sense that it is based on the estimates of powers of the resolvents
and the Trotter product formula for semigroups. However, the local na-
ture of the upper bound (v(x,v/t))~! requires different approach from
the case of the uniform bound ¢t~?/2. Indeed, an uniform bound on the
kernel of an operator can be obtained through the cross norm of the
operator itself from the space L! to the space L™ but this approach is
clearly not enough to produce the upper bound of the type (v(z, \/D)_l.
We overcome this problem by using the resolvent equation which im-
plies the representation (8), together with careful estimates on their
kernels; see estimates (9) and (10).

We also need to know how to pass from the upper bound (4) on heat
kernels to estimates on kernels of powers of the resolvents and vice
versa. The following theorem gives that equivalence.

Theorem 1. Suppose that —A is the generator of a semigroup e~*4

which is bounded analytic with angle v on L*(X, ). The following as-
sertions are equivalent

() e ™ has a kernel pi(z,y) which satisfies the estimate (5) for all
t>0

(B) For all X\ > 0 and large enough integer m, (N + A)~™ has a kernel
Ry m(x,y) which satisfies

|Rym(, )| < #le* Ald(z.y) (6)
7 |)\|mv<x’ _)
VIAI
(7) for all 0 € [0,v),\ € (0 + ) and large enough integer m, (A +
A)™™ has a kernel Ry ,(x,y) which satisfies (6) where (o) denotes
the sector {z € C, |arg(z)| < a}.

Remark.
(a) The doubling property (3) implies the strong homogeneity prop-
erty
Vee X,r>0,A>1, v(z,\r) < MA\"v(x,r) (7)

for some n > 0. This property will be used in our proof.

(b) The condition m large enough in the above theorem can be re-
placed by m > n.

(¢) The main result of this paper is Theorem 2 but Theorem 1 is also
of independent interest.

We will use Theorem 1 and the Trotter product formula to prove the
following.



38 XUAN THINH DUONG AND EL MAATI OUHABAZ

Theorem 2. Assume that —A generates a bounded analytic semigroup
which has a kernel p,(x,y) satisfying the upper bound (4). Assume
that b € L>®(X, u,C), satisfies (1) and the operator —bA generates a
bounded analytic semigroup e~ on L*(X,u). Then e~ has a kernel
ki(z,y) which satisfies (5).

Remarks.

(a) Sufficient conditions in terms of b and A which ensure that —bA
generates a bounded analytic semigroup are given in [10]. For example,
—bA always generates a bounded analytic semigroup if A is self-adjoint.

(b) In the above theorem we assumed that p,(z,y) is positive but
the result is still true if we replace the assumption (4) by

)] < () < — e ()
x,y)| < h(z,y) < ———e t

ST PRV

where h;(z,y) is a positive heat kernel. In this case, the right hand

side of the estimate (14) below will be [[b™!||o(Acol + H) 7| f], where

H denotes the generator of the semigroup whose kernel is hy(x, y). The

rest of the proof needs no change. As an example, we obtain a Gauss-

ian bound for the heat kernel of bA where A = Zszl(a%k —iag)? the

magnetic Laplacian on R”. It is well known that the heat kernel of A
satisfies (4') with h;(x,y) the classical heat kernel of the Laplacian, see
[13] for example.

We can replace the space X which satisfies the doubling property
(3) by € where (2 is any subet of X and the result of Theorem 2 is still
true. More specifically, the following theorem can be proved by using
the same proof as that of Theorem 2.

Theorem 3. Assume that —A generates a bounded analytic semigroup
on L*(QY) which has kernel pi(z,y) satisfying

¢ lewn "
0 S pt(x7y) S ’UX(Z', \/E)e (4 )
for all t > 0, all z,y € Q, where vX(zx,\/t) denotes the volume of
the ball with centre x, radius /t in the space X. Assume that b €
L>(Q, u,C), satisfies (1) and the operator —bA generates a bounded
analytic semigroup e~**4 on L?(1).
Then e~ has a kernel k;(x,y) which satisfies
! C/d2(l’y)

c e "
ke (2, y)| < mé : (5")

forallt >0, all x,y € ().
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Remarks.

In Theorems 2 and 3, we only give heat kernel bounds on k;(z,y)
for ¢ > 0. Using Proposition 3.3 of [11], we can extend the results to
obtain similar heat kernel bounds on k,(z,y) for complex z in some
sector of the complex plane.

Applications

We give a few applications of our Theorems 2 and 3:

(a) Let A be the Laplace-Beltrami operator on a manifold M which
satisfies a Sobolev inequality and the doubling property. Then A gen-
erates a positive semigroup with Gaussian heat kernel bounds (4). It
follows from Theorem 2 that the semigroup e~*4 has Gaussian heat
kernel bounds (5).

(b) Let A be a divergence form elliptic operator with real, symmetric
coefficients acting on a bounded domain €2 of R” with Neumann bound-
ary conditions. Assume that the boundary of {2 satisfies the extension
property. Then A generates a positive semigroup with Gaussian heat
kernel bounds [8]. More specifically,

d (ry)

0 Spt(l’,y) < C’max{l, D/2}€ (4///).
It follows from Theorem 3 that the semigroup e %4 has Gaussian heat
kernel bounds

o (@)
t

|k (2, y)| < C"max{1 (5").
(c) As a consequence of heat kernel bounds, the two operators bA in
applications (a) and (b) above have the following properties:

(i) L? spectral invariance: The connected components of their
resolvent sets which contain the positive real line on LP spaces are
independent of p, 1 < p < oo,

(ii) The LP — L7 maximal regularity for abstract Cauchy problems,

(iii) If bA has a bounded holomorphic functional calculus on L2,
then it has a bounded holomorphic functional calculus on L”; 1 < p <
00.

1
ot

3. THE PROOFS.

Proof of Theorem 1. We first show (a) = (5).
Let A > 0. The Laplace transform gives

1 [e.e]
M +A)™=— / tmleMemt Ay,
m:Jo
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Hence the kernel Ry ,,(z,y) of (A + A)~™ is given by

C [®tmle ™ _c?@y
R x, S - ——_€ t dt.
Bl < o [

Using the fact that A\t + zy) > v/ Ad(z,y), we have

Oe—c’ﬁd(m,y) A1 pm—lo—c’ Xt 00 pm—1,—c" Xt
Rz, y)| £ ———— —dt+/ ————dt| .

For ¢t € [A\™!, o0), we obviously have v(z, v/t) > v(z, vVA~1). Hence the
second term in the square bracket satifies

00 tmflefc”)\t 1 00 L -
——dt < —/ t" e Mt
/Al U('Ta \/i) U($a \Z Ail) At

1 > »
= —/ AT leT 0 s
v(z, VAT 1
C

Az, VA1)

For the first term of the square bracket, we have
A7 am—1 —c" At 1 .m—1_-¢c"s
t 1
/ me =t / N
o (Vi) A Joo vz, (/%)
We now apply the strong homogeneity property (7) to deduce that
v(z, VA1) < Ms™ u(z, \/§) Vs € (0, 1].
This implies that

A7 ym—1_—c" At 1
/ t dt < ¢ / s lem s (]s
0 o(z,Vt) T Amu(z, VA1) Jo

and the last integral is finite for m > 2. This shows the desired impli-
cation.

We now show (5) = (7). Firstly, we show an upper bound for
Rz, y) for A € (0 + 7).
By the resolvent equatlon (iterated m—times ) we have

M+ A)72" = (A + A+ (A = A+ AN+ A)™™

from which it follows that

&MQMIARW@@@%WQW@W@ (3)
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where L = (I + (J]A\| = A)(AL + A)~1)?™. In order to apply L to z —
Rpym (%, y) we need to know that the latter is in L*(X, p1). Let us assume
this for the moment.

By Cauchy-Schwarz inequality and (8) we have

[Bovom (2, 9)| < ([ Bixm (@, )ll2 [LR N m (- 9)l2-

tA

By the analyticity assumption on e~** we have

SupAeE(9+%)||)\()\I —+ A)_IHL:(LQ) < 0Q.

In particular,
ILR N m (- 9)ll2 < MRy m (- y)ll2
with some constant M independent of A\. We then obtain
[ B 2m (2, )| < ([ Bixm (@, )2 [1Rjxm (5 )2 (9)

We now estimate || Rjx| (2, .)||2. Using heat kernel bound (4), we have

T | Bxjm(z, Z)IQdu( )

/ —eV/NE) gy )

)\27”1) —
=N f
Z e~ / |)\|d(:r,z)dlu(z)
IAIva (z, —=)* (i <d(w,2)< 2L}
\/_ k=0 \ﬁ VIX
> k + 1 o
v(x
|)\|2mv 2; /_|
n —ck
|)\|2mv Z
\/_ =0

where we used (7) to obtain the last inequality. We now obtain from
this and (9) that
C
_1 y1/2 _1 \1/2°
) \/W) v(y, \/W)
Now, Proposition 3.3 of [11] shows that the strong homogeneity prop-
erty (7), together with the bound (10) for A > 0, imply that

[ Bx2m (2, y)| < (10)

AP (e

C »
Ryom(z, )| < e VPd(z,y)

Al2m _1 \1/2 _1 \1/2
| | U({L‘, \/m) U(ya \/W)

for X € (0 + 7). This inequality and (7) imply (6) for A € X(0 + 7).
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We now show (7) = («). The proof is standard but we give the
details for the sake of completeness.
Using the inverse Laplace transform we have
m — 1

At
Rz, y)d\
2mitm—1 /rRe am(T:9)

where T'g = {re7 r > R} U {Re™, |¢| < a} U {re’*,r > R} =
I'ul'ysuTI's and where a € (%, v+ g) is a given constant and R =

1 d*(zy)
max(;, —z").
Using the assertion 3, we can write that for some constants C, ¢,

independent of R

C 6§R>\t » .
(7, y)| < tm—l/F S eeVINd@ g A (11)
R

z, V/[AIT)

The doubling property (7) implies that for |\| > R > ¢t

v(a, V) < M(IA[t) 20z, VA, (12)

pt(x7 y) -

Hence,

oRAL

1
< C / (/\t)_m+ge—c’Ate—C\ﬁd(w,y)d/\
v(z, V1) Jr
< C e—cx/ﬁd(w,y)e—gﬁ?/ 3—m+%e_%l5ds
v(x, \/%) 1
C 6—0\/§d(mvy)€_%{tR”_

= v(x, V1)

Using the fact that R = max(7, d2§t§’y)), the last term is dominated by
C ey
v(z, \/Z)e t

Again by (12) we can bound the third term (ie., [, ) in the right
hand side of (11) by
C

v(x, V1)

This term is clearly dominated by
C

v(z, \/Z)

which gives the desired bound on p;(z,y). &

e ¢ IAId(zﬁy)dp\’

/ (Rt) —m+%ec’Rt€—cx/ﬁttd|)\"
IA=R

(Rt) —m+%+1e—cx/§t
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Proof of Theorem 2. Suppose that b € L>(X, u, C) satisfies (1) and
that —bA generates a bounded analytic semigroup on L?*(X, ). For
any A > 0 we write

(M 4+bA) =Nt + A) 1! (13)

Our aim is to prove the following pointwise inequalities which is valid
a.e. for all f € L?(X, p)

(AL +bA) " f| < (b7 loo(AcoL + A) 1] (14)

5
lIol]3, -
here to keep this paper self sufficient.

We first observe that the positivity of p;(x,y) implies that the resol-
vent (Acol + A)~1 is a positivity preserving operator for A > 0. This is
also the case for the operators (sI + AR(3) + A)~! for all s,A >0 as a
consequence of the Trotter product formula (see [17])

e’t(m(%)“‘)f = limnﬂoo(e’%m(%)e’%/‘)"f, Vfe L*(X)

((in [17], the formula is given for contraction semigroups but it applies

in this situation since both semigroups e~M(5) and e~t4
for the equivalent norm || f ||, := sup,solle ™| f]]l2)-
Note that by this formula we have the pointwise estimate

eTIOROTD|F] < T, Vi >0, and f € LX(X)

from which it follows that

1 o0
(sI + A%(g) +A)~ = / st tORG)+4) gy
0

where ¢y = The proof of (14) was given in [10] but we repeat it

are contractions

exists for all s, A > 0.
Using again the Trotter product formula for e’t(%“‘), we deduce that

|7t | < e tORGITA) |

which implies

A L B 1 .
(T4 7+ AT <07 loo(sT +AR(3) + A) 7 fI.
Since R(3) > ”bﬁQ := ¢p, it follows from the Trotter product formula
that
A
(5T 42 A) 5 ] < 0 el + Acol + 4) 7]

Since (2 +A)~" and (Acol +A) ™! exist we conclude from this inequality

that \
5+ A) 7] < 5 oolAcol + 4) 7]
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which is the desired inequality [14].
We now choose an integer m > n where n is the constant in the
homogeneity property (7). Iterate (13) m—times, we obtain

(AT +bA) ™ f < (b7 |2 (Acol + A)~"[f] - (15)

By assumption, p;(z,y) satisfies (4) hence by Theorem 1, (Acgl +A)™™
has a kernel R) ,,,(x,y) which satisfies (6). In particular, v(., vVA™!) x
(Acol + A)~™™ is bounded from L' into L>. Estimate (15) implies that
v(, VAT (A 4 bA)™™ is bounded from L' into L™, so it is given by
a kernel. This implies that (Al + bA)~™ is given by a kernel. Again
by (15), this kernel satisfies (6). By Theorem 1 we conclude that the
kernel k;(z,y) of e~ satisfies (5). ¢
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WEAK TYPE (1,1) ESTIMATES OF MAXIMAL
TRUNCATED SINGULAR OPERATORS

XUAN THINH DUONG AND LIXIN YAN

ABSTRACT. Let X be a space of homogeneous type and T a sin-
gular integral operator which is bounded on L?(X). We give a
sufficient condition on the kernel of T' so that the maximal trun-
cated operator T, which is defined by T f(z) = sup.sq|Tef(x)],
to be of weak type (1,1). Our condition is weaker than the usual
Hormander type condition. Applications include the dominated
convergence theorem of holomorphic functional calculi of linear el-
liptic operators on irregular domains.

1. INTRODUCTION AND MAIN THEOREM

Let us consider a space of homogeneous type (X, d, ) which is a set
X endowed with a distance d and a non-negative Borel measure ;2 on
X such that the doubling condition

p(B(x,2r)) < cu(B(w,r)) < o0

holds for all x € X and r > 0, where B(x,r) = {y € X : d(z,y) < r}.
A more general defintion can be found in [CW, Chapter 3].

The doubling property implies the following strong homogeneity
property,
(1.1) p(B(x; Ar)) < eX"u(B(z;r))

for some ¢,n > 0 uniformly for all A > 1. The parameter n is a measure
of the dimension of the space. There also exist ¢ and N,0 < N < n so
that

d(z,y)\"
(12) (B < o 14 820 ) (i)
uniformly for all z,y € X and r > 0. Indeed, the property (1.2) with
N = n is a direct consequence of triangle inequality of the metric d
and the strong homogeneity property. In the case of Euclidean spaces
R"™ and Lie groups of polynomial growth, N can be chosen to be 0.

12000 Mathematics Subject Classification: 42B20, 47F, 47G10
2Both authors are partially supported by a grant from Australia Research Coun-
cil, and the second author is also partially supported by NSF of China.
46
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We consider the following “generalised approximations to the iden-
tity” which was introduced in [DM].

DEFINITION 1.1. A family of operators {A;,t > 0} is said to be a “gen-
eralised approximation to the identity” if, for every t > 0, A; is rep-

resented by kernels a,(z,y) in the following sense: for every function
felr(X),p=>1,

A f(x) Z/Xat(%y)f(’y)du(y);

and the following condition holds:

1
p(B(a;tt/m))
where m is a positive fized constant and s is a positive, bounded, de-
creasing function satisfying

(1.4) lim 7"V Fes(r™) = 0

r—00

(1.3) ez, y)] < hulz,y) = s(d(z,y)"t™),

for some € > 0, where n and N are two constants in (1.1) and (1.2).

The operators we are going to consider henceforth were introduced
in [DM]. They are defined in the following way.

(1.5) T is a bounded operator on L?(X’) with an associated kernel
k(x,y) such that for f € LP(X),

7)) = [ k) f)duty).  for p—almost every ¢ supp.

(1.6) There exists a “generalised approximation of the identity” {A.,
t > 0} such that T'A; have associated kernels k;(x,y) and there exist
constants ¢, co > 0 so that

/ k(sy) — ki, y)ldu(z) < ¢ forall y € X.
d(:p,y)thl/m

(1.7) There exists a “generalised approximation of the identity” {B;,
t > 0} such that B,T have kernels K;(z,y) which satisfy
1

S 1/m
Bl )’ when d(x,y) < cst

|Kt($7y>’ < ¢y

and
1 ta/m

w(B(z; d(w,y))) d(x,y)*

for some constants cs3, ¢4, a0 > 0.

|Kt($,y)—k3(l’,y)| < ; when d([L‘,y)Z C3t1/m,
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We assume that 7" is an operator satisfying (1.5), (1.6) and (1.7).
The maximal operator T, is the supremum of the truncated integrals,
namely,

T.f(x) = sup |T.f(@)] = sup

e>0

/ k(z,y)f(y)dp(y)| -
d(z,y)>e

It is proved in [DM] that if T" verifies (1.5) and (1.6), then it is of
weak type (1,1) and of strong type (p,p) for 1 < p < 2. In addition,
if (1.7) is also satisfied, the operator 7' is bounded on LP(X) for all
1 < p < oco. Furthermore, Theorem 3 [DM] shows that T, is bounded
on LP(X),1 < p < oco. Implicitly in the proof we can find the following
Cotlar type inequality:

T f(x) < OCM(Tf)(x) + CM f(x),

where M is the Hardy-Littlewood maximal function. Hence, bounded-
ness of T, follows from boundedness of T and M.
The following is the main result of this paper.

THEOREM 1.2. Let T be an operator satisfying the assumptions (1.5)
and (1.7). Also assume the following condition (1.8): there ezists a
“generalised approzimation of the identity” {Ast > 0} so that the
kernels (Kei(z,y) — Ke(z,y)) of the operators (BT Ay — B.T) satisfy

18 sw [ Kue) - Kfey)ldue) < €
¢ Jd(zy)>ptt/m
for some constants C' and 3, and for all y € X. Then,
(i) the maximal truncated operator T, is bounded on LP(X) for 1 <
p < 00.
(ii)) When p =1, T, is of weak-type (1,1), that is,

p{x: |Tuf(x) > a}) < ngHl, for all @ > 0.

NOTE: (i) Comparing the above Theorem 1.2 with Theorem 3 of [DM],
the assumption (1.8) is stronger than (1.6), but we obtain new end-
point estimates, i.e. the weak type (1,1) estimates in (ii).

(ii) Theorem 1.2 improves the classical results of Calderén-Zygmund
operators. See [St, Chapter 1, Corollary 2| for Euclidean spaces X' =
R™ and [CW] for spaces of homogeneous type. Let us note that there
is no regularity assumptions in the space variables. In comparison
with the classical Calderén-Zygmund operators, the Hormander type
inequalities are replaced by (1.7) and (1.8) which involved the “gener-
alised approximations of the identity”. In fact, for suitable “generalised
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approximations of the identity”, it is proved in [DM] that conditions
(1.6) and (1.7) are weaker than the usual assumptions of Calderén-
Zygmund operators (Proposition 2, [DM]). We also show that our con-
dition (1.8) is actually a consequence of the condition (1.6) (Proposition
2.1). As applications, we get the dominated convergence theorem of
holomorphic functional calculi of linear elliptic operators on irregular
domains.

2. PROOF OF THEOREM 1.2

We first prove (ii). For a fixed € > 0, one writes T,u(z) = BemTu(x)—
(BenT — T.)(u)(x). Since the class of operators B, satisfies the condi-
tions (1.3) and (1.4), we have

(2.1) | Ben Tu(x)| < cM(|Tu(z)|)

where ¢ is a constant independent of €. Similarly to the proof of The-
orem 3 in [DM], using the condition (1.7) we also have
(2.2) sup |[(BenT — T )u(x)| < eM(|ul|(z)).
>0
Theorem 1.2 then follows from (2.2) if we can prove that the operator

TPu(x) = sup | BenTu(z)|

*

is of weak-type (1, 1). Following the idea of Theorem 1 of [DM], we first
use the Calderén-Zygmund decomposition to decompose an integrable
function into “good” and “bad” parts (see, for example, [CW]).

Given f € LY(X) N L*(X) and o > || f]}1(p(X))~", then there exist
a constant ¢ independent of f and «, and a decomposition

f=g+b=g+> b,

so that

(a) |g(z)] < ca for all almost x € X;

(b) there exists a sequence of balls @); so that the support of each
b; is contained in ); and

/X b)) < cap(Qs):
() 2 (@) <ca™ [y [fldu(z);

(d) each point of X is contained in at most a finite number N of
the balls @Q);.

Note that conditions (b) and (c¢) imply that ||b]|; < ¢||f||; and hence
that [lglly < (1 +c)l[f].
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We have
p({z: TP f(x)] > a})
<p({z: |TPg(x)] > /2}) + p({z - |TFb(x)] > a/2}).

It follows from (2.1), (1.5) and boundedness of the Hardy-Littlewood
maximal function that T is bounded on L?(X). Since |g(x)| < ca, we
obtain
(2.3)

p{z = |T7g(x)] > a/2}) < 4a?|TPg|l; < ca™||gll; < ca™ || f]1-

Concerning the “bad” part b(z), we temporarily fix a b; whose support
is contained in @);, then choose ¢; = r* where m is the constant ap-
pearing in (1.3), and r; is the radius of the ball @);. We then decompose

sup ’BET Z bz(x)’

€

It follows from the decay assumption (1.3) that
1/2
Aubill < ( Z) < cal?|| |2
H; Wb, < ca ;u@) < ca?||f

See details in the proof of estimate (10) in [DM]. Combining this with
L2-boundedness of T'Z, we have

2

(24) p({z: sup|BT )Y Aybi(x)| > a/4}) < 1604_2H ZT*BAtin- ,

AN

Q

Q
o

(VAN
o
=

On the other hand
p({x o sup | BT Y, (I — Ay,)bi(z)] > a/4})

< S uB)+Y 2 /() sup [ BT(I ~ A1) (a) | dp(a)

where (B;)¢ denotes the complement of B; which is the ball with the
same centre y; as that of the ball @); in the Calderén-Zygmund decom-
position but with radius increased by a factor of (1+c¢;), where ¢; is the
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constant in (1.6). Because of property (c) of the Calderén-Zygmund
decomposition and doubling volume property of X', we have

(2.5) D ouB) < ey Q) < cal||flh
Using assumption (1.8), we have

/ sup [B.T(I — Ay Ybu()|dpu()
(By)©

€

[
(Bi)e €

< [ 1] swpsup [ (o) = Kot o)l dn(a) )
x y d(zg)>ct; /™

€

[ () = Koo y))bi(y)du(y)‘ du(x)

< C||bi |1, because B(y;ct)’™) C B;.

Therefore
(2.6

)
1 _ C
Yo, SIBIU — AghEl) < Ca S <

Combining the above estimates (2.2), (2.3), (2.4), (2.5) and (2.6), we
have for any a > | f]l(1()) ",

p{e TS ()] > af) < = f]l-

If X is unbounded, the proof is done because the former inequality
holds for every a > 0. Otherwise, we have to consider what happens for
0<a<|flli(u(X))". Since X is bounded we can write X = B(zg,r)
for some r > 0. We conclude

plf TS > ) < (@) < S5l

for any o > 0.

We now prove (i). For any 1 < p < 2, LP-boundedness of T, follows
from the Marcinkiewicz interpolation theorem. Using a standard dual-
ity argument, 7, is proved to be a bounded operator on LP(X) for all
2 <p<oo.

The proof of Theorem 1.2 is complete.

°lQ

In the next proposition, we show that, for suitable chosen B, our
condition (1.8) is actually a consequence of condition (1.6).

PROPOSITION 2.1. Let T be a bounded linear operator on L*(X) with
kernel k(x,y). Assume there exists a “generalised approximation of
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the identity” {A¢,t > 0} so that the kernels ki(x,y) of T Ay satisfy the
condition (1.6), i.e. there exist constant ¢ and § > 1 so that

27) / o ) () < ¢

forally e X.

Then, there exists a “generalised approximation of the identity” { By,
t > 0} which is represented by kernels by(x,y) in the following sense:
Jor any f € LY(X),p > 1,

B.f(x) = /X b, ) £ () dia(y),

so that the kernels (K. (z,y)— K (x,y)) of the operators (B.T Ay— B.T')
satisfy

sup / Kea(,y) — Koz, y)ldu(z) < C
€ Jd(wy)>ptt/m

for some constants C' and 3, and for all y € X.

Proof. Choose § > 1 and let = 3§/2. For any ¢ > 0, we choose
be(x,z) = 0 when d(z, z) > (6/2)t"/™. Then, for 2,y € X so that

Kutla) = | o2k p)du(z).
and K (z,y) = /Xbe(:p,z)k(z,y)du(z).
Forall y € X,

Lo Kl ~ Kl (o)
.y t1/m

<[ el ~ Kldute)dnG:)
d(z,y)>ptl/m

< (sup [ 1.2t ) / ku(ery) — k=)l dp2)
2eX d(z.9)>011/m

<o / k(2 ) — k(= )l du2)
(z,y)>dt1/m
<,

where the last inequality follows from (2.7) and the third inequality is
using the estimate

/X|b6(:c,z)|d,u(x) < /Xhe(q:, 2)du(z) < ¢.
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As a consequence of the boundedness of the maximal truncated
operator T,, we obtain pointwise almost everywhere convergence of
lim._o 7. f(z). More precisely, we have the following corollary.

COROLLARY 2.2. Assume that the operator T satisfies the conditions of
Theorem 1.2. Assume that the kernel k(z,y) of T satisfies the estimate

|k, y)| < c(p(B(a; d(z,y)))

Then there exist a sequence of positive functions €;(x) such that
lime;(z) =0, and a function m € L>*(X) such that for f € LP(X),1 <

J—00

P < o0,

Tf(x) =m(x)f(z)+ lim k(x,y) f(y)dp(y)

7= Jjg—y|>¢; (x)

for almost every x € X.

Proof. Corollary 2.2 follows from a standard argument of proving the
existence of almost everywhere pointwise limits as a consequence of the
corresponding maximal inequality. See, for example, [CM, Chapter 7,
Theorem 6] for Euclidean spaces X = R™, and [CW] for spaces of
homogeneous type.

REMARK 2.3.

As in Section 3 of [DM], Theorem 1.2 and Corollary 2.2 can be
modified so that they are still true when the space of homogeneous
type X is replaced by one of its measurable subsets 2. In this sense,
it is sufficient that condition (1.3) on the upper bound h(x,y) of the
kernel a;(x,y) is replaced by

he(z,y) = ((BY (x5 t1™))) s (d(z, y)™t "),

where B¥(z;t'/™) is the ball of centre z, radius ¢'/™ in the space X.
For the details, see Section 3, [DM].

3. APPLICATIONS: HOLOMORPHIC FUNCTIONAL CALCULI OF
LINEAR ELLIPTIC OPERATORS

We first review some definitions regarding the holomorphic func-
tional calculus as introduced by M¢Intosh [Mc|]. Let 0 < w < 7 be

given. Then
S, ={z€C:largz|] <w}U{0}
denotes the closed sector of angle w and S° denotes its interior, while

S, = S,\{0}. An operator L on some Banach space F is said to be
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of type w if L is closed and densely defined, o(L) C S, and for each
0 € (w, ] there exists a constant Cyp such that

[ l(nf = L) ey < Co, 0 € —Sas.
If pu € (0, 7], then
Hy(S)) = {f : S; — C; f is holomorphic and || f||o < o0},
where || f||n.. = sup{|f(2)| : z € S}. In addition, we define

ZS
\I/(Sg) = {g € Hoo(Sg) :3s>0,3c¢>0:|g(2)| < C%LPS}

If L is of type w and g € ¥(S)), we define g(L) € L(E) by

1 _
(3.1) 9(L) = —5—= | (] = L) g(n)dn,
™ Jr
where T is the contour {¢ = re*™® : r > 0} parametrised clockwise
around S, and w < 0 < p. If, in addition, L is one-one and has dense

range and if g € Hy(S)), then

(3:2) FL) = [W(L)] " (fR)(L),

where h(z) = 2(1 + 2)72. Tt can be shown that g(L) is a well-defined
linear operator in F and that this definition is consistent with definition
(3.2) for g € W(S)). The definition of g(L) can even extended to
encompass unbounded holomorphic functions; see [Mc| for details. L is
said to have a bounded holomorphic functional calculus on the sector

S, if
l9(L)lleim) < Nllgllos
for some N > 0, and for all g € Ho(S)).

Assume that €2 is a measurable subset of a space of homogeneous type
(X,d,p). Let L be a linear operator on L?*() with w < 7/2 so that
(—L) generates a holomorphic semigroup e *2,0 < |Arg(z)] < 7/2 —w
which possesses the following two properties:

(3.3) The holomorphic semigroup e %, |Arg(z)| < /2 — w is repre-
sented by kernels a,(z,y) which satisfy, for all § > w, an upper bound
|az (2, y)| < cohyz(z,y)
for z,y € Q, and |Arg(z)| < m/2 — 6, where hj.| is defined on X' x X

by (1.3).

(3.4) The operator L has a bounded holomorphic functional calculus

in L?(Q). That is, for any v > w and g € H.(SY), the operator g(L)

satisfies
Hg(L) fll2 < cullgllooll fl2-
Applying Theorem 1.2, Corollary 2.2 and Remark 2.3, we have
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THEOREM 3.1. Let L be an operator verifying the assumptions (3.3)
and (3.4). Assume that for g € H.(SY), the kernel k(x,y) of g(L)
satisfies the estimate
(3.5)  |k(z,y)| < c(u(B(x;d(z,y)))~",  forall z,y € Q.

If we denote T' = g(L), then

(1) If 1 < p < oo, then [[Tofllp < Cligllooll f1lp-
(i1) If f € LY(X), then the map f — T.f is weak type (1,1).

(111) There exist a sequence of positive functions €;(x) such that
lim €;(x) = 0, and a function m(x) € L>(Q) such that for f(x) €

J—00

LP(Q),1 < p < oo,

Tf(x) =m(x)f(z)+ lim K(z,y)f(y)dp(y)

7= Jjg—y|>¢; (x)

for almost every x € Q.

Proof. We follow an idea of Theorem 6 in [DM]. Choose operators
By = A; = e *. As in Theorem 6 of [DM], there exist some constants
¢, c1,a > 0 such that the kernels Ky(x,y) of BT satisfy

’Kt(xay” <c

p(BX (z; t1/m))’
for all z,y € Q such that when d(z,y) < cit*/™;
1 te/m
p(B¥ (wyd(z,y))) d(z,y)*
for all 2,y € Q such that when d(x,y) > c;t'/™.
Using the methods of Theorems 5 and 6 [DM], it is not difficult to

check that the kernels (K. +(z,y) — K.(x,y)) of the operators (BT A; —
B.T) satisfy

(3.6) sup/ IKei(z,y) — Ke(z,y)|dp(z) < C
d(w,y)>ptt/m

| Ki(z,y) — k(z,y)| < c

€

for some constants C' and (3, and for all y € €.
For the proof of (3.6), we leave it to readers. Then, Theorem 3.1
follows from Remark 2.3.

REMARK 3.2.

The condition (3.5) is satisfied by large classes of linear operators on
R" or a domain €2 of R” without any condition on smoothness of the
boundary of Q. For example, if the function h(x,y) of (1.3) is bounded
above by the Gaussian bounds
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" exp{—alz — y[*/t}
for some a > 0, or by the Poisson bounds
ct
(2 + [z — y[2)tD/2
then (3.5) is a direct result from straightforward integration.

One example of an operator L which possesses Gaussian bounds on
its heat kernel is the Schrodinger operator with potential V', defined by

L=-A+V(x),
where V' is a nonnegative function on R". See, Lecture 7 in [ADM].
Another example of an operator L on such a domain, which possesses
Gaussian bounds on its heat kernel, is the Laplacian on an open subset
of R™ subject to Dirichlet boundary conditions. More general operators
on open domain of R™ which possess Gaussian bounds can be found in

[AE], [DM].
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L? BOUNDS FOR NORMAL DERIVATIVES OF
DIRICHLET EIGENFUNCTIONS

ANDREW HASSELL AND TERENCE TAO

ABSTRACT. Suppose that M is a compact Riemannian manifold
with boundary and v is an L?-normalized Dirichlet eigenfunction
with eigenvalue A. Let 1) be its normal derivative at the boundary.
Scaling considerations lead one to expect that the L? norm of 1
will grow as A2 as A — co. We sketch proofs of an upper bound
of the form ||¢||3 < O\ for any Riemannian manifold, and a lower
bound e < ||4]|3 provided that M has no trapped geodesics (see
the main Theorem for a precise statement). Here ¢ and C are
positive constants that depend on M, but not on A. Full details
will appear in [3].

1. INTRODUCTION

Let M be a smooth compact Riemannian manifold with smooth
boundary O0M = Y (for example, the closure of a smooth bounded
domain in Euclidean space). Let H = —Aj,; be minus the Dirichlet
Laplacian on M. As is well known, H has discrete spectrum 0 < A\ <
)\2 < )\3 e — OQ.

Let u; be an L*-normalized eigenfunction corresponding to \;, and
let 1; be the normal derivative of u; at the boundary. In this paper
we consider the following question: do there exist constants ¢ and C,
depending on M but not on j, such that

cAj < il < CA; 7

This question was posed by Ozawa in [6]; he showed that a weaker
version of this statement, obtained by summing over all eigenvalues in
0, A], is true.

A. H. is supported by an Australian Research Council Fellowship. T. T. is a
Clay Prize Fellow and is supported by the Packard Foundation.
57
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In this paper, we sketch proofs that the upper bound is always true
on Riemannian manifolds, while the lower bound holds provided a con-
dition of ‘no trapped geodesics’ holds. In addition, we give several ex-
amples to illustrate the link between failure of the geodesic condition
and failure of the lower bound. Full details of proofs are given in [3].

We acknowledge helpful conversations with Alan MC¢Intosh, Steve
Zelditch and Johannes Sjostrand.

2. EXAMPLES

We begin by considering several examples. These examples show in
particular that the lower bound does not always hold.

Ezample 1 — the disc. Let M = {x € R?* | |z| < a} for some a > 0.
In this case we have an equality
2,
V2(6) do = —.
S a
This follows easily from an identity for eigenfunctions due to Rellich,
which we discuss below.

Ezample 2 — the rectangle. Let M = [0, a] x[0,b], where a < b. Then
it is a simple matter to write down the eigenfunctions, by separating
variables. A computation gives

>~

4
A< el < o,

a
and these bounds are the best possible.

Example 3 — the cylinder. Let M = [0,7] x Si_, the product of

an interval of length 7 with a circle of length 2. Then eigenfunctions
take the form sin(maz)e™. The upper bound

4
2< =
9l < -
holds, but by holding m fixed and sending n to infinity, we see that the
best lower bound is O(1).
Example 4 — the hemisphere. Let M be the hemisphere
M={zeR®||z|=1, z-(0,0,1) > 0}.

In this case, the eigenfunctions are given by those spherical harmonics
which are odd under reflection in the (z1,x2) plane, namely, spherical
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harmonics
U = Clezm = Clmeim(bf)lm(cos 9)7 A= l(l + 1)7

where — < m <[ and [—m is odd. (Here, we are using spherical polar
coordinates where (z1,x2,23) = (rsinf cos ¢, rsinfsin ¢, r cosd).) Let
us consider the case when m = l — 1. Then the eigenfunction in this
case is u; = ce'™ cosA(sin §)~'. A short computation gives

lll3 ~ 72 ~ X 1 — oo,

for this class of eigenfunctions. Hence there is no nontrivial lower bound
for the hemisphere.

3. MAIN THEOREM

The upper bound holds in all the examples in the previous section,
but the lower bound fails for the last two. To see more heuristically
why the lower bound fails, it helps to consider a more dynamic picture,
by considering the wave equation

0*v(x,t)
o Y

on the cylinder (Example 3). If u is an eigenfunction with eigenvalue

A, then v = eV is a solution to the wave equation. Thus in the case
of the cylinder, a particular solution to the wave equation is

% Sin(mx) zn6‘ \/Wt zmz 1n9 ivVmZ4n2t e—zmx zn@ \/Wt
The wavefronts are at +mx + nf = constant, and energy moves ‘nor-
mal’ to the wavefronts. When we hold m fixed and send n to infinity,
the energy is moving more and more along lines (that is, geodesics)
where x is constant, and so does not ‘reach’ the boundary. Thus, the
failure seems to be related to the existence of a family of ‘trapped’
geodesics in the interior of the manifold, which never reach the bound-
ary.

In the case of the hemisphere, there is no geodesic trapped in the
interior, but any Riemannian extension N of M would have a trapped
geodesic, namely the boundary of M. Note that the lower bound is
not violated as severely for the hemisphere, which is consistent with it
being a borderline case.

Our main result is that the heuristic above is correct:

THEOREM 3.1. Let M be a smooth compact Riemannian manifold with
boundary. Then the upper bound holds for some C independent of j.
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The lower bound holds provided that M can be embedded in the inte-
rior of a compact manifold with boundary, N, of the same dimension,
such that every geodesic in M eventually meets the boundary of N. In
particular, the lower bound holds if M is a subdomain of Fuclidean
space.

In Section 7, we give some further examples which show that the
degree of failure of the bounds is related to the extent to which geodesics
are trapped.

4. UPPER BOUND

Our proof is based on the following Lemma which we call a Rellich-
type estimate.

LEMMA 4.1. Let u be a Dirichlet eigenfunction of H. Then for any
differential operator A,

(4.1) /(u, [H, Alu) dg = %Au do.

M Y

Proof. Let X be the eigenvalue corresponding to u. We write [H, A] =
[H — A\, A] and use the fact that (H —X)u = 0 to write the integral over
M as

/ ((H = Nu, Au) — (u, (H — \)Au) dg.

M
Then we use Green’s formula, and the fact that u vanishes at the
boundary, to deduce (4.1). O

The upper bound is now easily deduced. Let us choose coordinates
(r,y) near the boundary of M, where r is distance to the boundary
(which is a smooth function for r < §, for some sufficiently small 6 > 0)
and y are local coordinates on Y = OM, extended to be constant
along geodesics perpendicular to the boundary. Let x(r) be a smooth
function which is supported in [0,0/2] and with x(0) = 1, and let

A = x(r)0,.
Then the right hand side of (4.1) becomes ||¢||3, while the left hand
side is bounded by
C/ (|Vu|2 +1)=C(A+1),
M
proving the upper bound.
Remark. Notice that this argument actually gives a bound of

CellHul|z2(r<ey) = CeAllull L2 (gr<ep
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for any € > 0.

5. LOWER BOUND FOR EUCLIDEAN DOMAINS

In the case of subdomains of Euclidean space, there is a very simple
proof of the lower bound based on Lemma 4.1. We set

= 0

Then [H, A] = 2H, so now the left hand side is 2\, and we obtain the
identity
Ou ou, 2
2\ = aAuda:/y-x(%) do

Y %
which immediately implies the lower bound. (Rellich published this
identity in 1940 [7].)

6. THE LOWER BOUND IN GENERAL

It is considerably harder to prove the lower bound for general man-
ifolds satisfying the ‘no trapped geodesic’ condition of Theorem 3.1.
We use the method for Euclidean domains as a guide, and seek a first
order operator A having a positive commutator with H. It is impossi-
ble to find a vector field A with this property, in general (we will show
this later), so we look for a first order pseudodifferential operator. A is
essentially determined by its principal symbol, a, a function on S*M,
the cosphere bundle of M.

The principal symbol of i[H, A] is given by Vj,(a), where V}, is the
Hamilton vector field of the symbol of H. Recall that H is minus the
Laplacian. It is well known that V}, is the generator of geodesic flow on
S*M. We want i[H, A] positive, which amounts to finding a smooth
function @ on S*M which is increasing along all geodesics. Note that
this is clearly impossible if trapped/periodic geodesics are present.

Given the ‘no trapped geodesics’ condition on M in the theorem,
such an A can easily be constructed. To show this, we first observe
that, given a geodesic v on M, one can construct an A on the larger
manifold N D M, properly supported in the interior of N, such that
the principal symbol of i[H, A] is everywhere nonnegative, and strictly
positive in a neighbourhood of ~ (at least that part of it lying over
M). To do this we simply define the symbol a of A to be linearly
increasing along v, extend it in a natural way, and then cut off. Finally,
a compactness argument shows that one can add together finitely many



62 ANDREW HASSELL AND TERENCE TAO

such operators to produce one where the principal symbol of i[H, A] is
strictly positive on S*M. We note that it is easy to arrange that, in
addition, A satisfies the transmission condition (see [5], section 18.2));
for the principal symbol a of A, this condition is simply that a is odd:

CL(J,’, _5) = _a’(x7£>'

We then follow the strategy of the previous proof. First, we need a
version of Lemma 4.1 which is valid for pseudodifferential operators.
For first order pseudodifferential operators A satisfying the transmis-
sion condition, with symbol a, we have the following

LEMMA 6.1. Let u be a Dirichlet eigenfunction for H. Then

(6.1) /(u, [H, Alu) dg = 2 Im/%Auda—/(g—Z)zcda,

M y
where ¢(y) = lim, . p~'a(0,y, p,0).

This is just as good as (4.1) for our purposes. We then follow the
strategy of the previous proof. The left hand side causes few problems;
it is rather easy to show that the left hand side is at least as big as a
constant times A. The right hand side, though, is more difficult. It is
sufficient to show that

(6.2) | Aul| 2y < CVA,

since then we can estimate the first term on the right hand side of (6.1)
by

(6.3) /Y (b, Audo < CO)|D]3+ e,

and the e\ term may then be taken to the left hand side. The estimate
(6.2) is nontrivial, since A is a nonlocal operator; the restriction of Au
to the boundary depends on values of u in the interior of M.

Our proof of (6.2) uses ideas from both harmonic analysis and mi-
crolocal analysis. There are two main ingredients. One is a uniform
estimate for u near the boundary:

(6.4) / u? do(y) < CAjr® for all r € [0, ]

T

where Y, is the set of points at distance r from the boundary, and both
C and ¢ are independent of 7. We prove this by looking at the quantity

L(r) = / T wdo,.
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Here do, is the measure on Y, induced by the Riemannian measure on
M. The eigenfunction equation for u leads to the differential inequality

N2
(6.5) L' > % —C\,

for L(r), for some constant C' depending only on the manifold M.
This differential inequality implies exponential increase of L(r) if it
ever happens that L'(r)? > 2CAL(r). However, this would contradict
the bound

/06 L(r)dr <1

which follows from the L? normalization of u. Hence L'(r)* < 2C\L(r),
and from this we deduce (6.4).

The second ingredient is expressing Awy as an integral of kernels A,
acting on the functions uy,. Here, A, has kernel A,(y,y’) which is the
restriction of the kernel of A to (r = 0,y,7" = s,v'). Then results of
Boutet de Monvel [1] and Visik and Eskin [8] give bounds on the L?
operator norm of A,, acting from L?*(Y;) to L*(Y"). Their result is if B,
is an operator of order —1 + k, satisfying the transmission condition,
where k = 0,1,2,..., then there is a bound on the operator norm of
B, of the form Cr~*, where C is independent of . In particular, for
k =0, the B, are uniformly bounded as r — 0.

Unfortunately, this result does not quite give the result directly, since
if we combine the operator bound Cr~2 for A, and (6.4) for u and
integrate in r, we encounter a logarithmic divergence. However, a small
modification of this approach does the trick. If we let H~! denote the
inverse of the operator H on N, with Dirichlet boundary conditions,
then H~! is a pseudodifferential operator of order —2 when localized
away from the boundary of N. Moreover, it satisfies the transmission
condition. Since Hu = ¥dy + A\u, we may write

AU|Y = AH ! (¢5y + )\u)

The first term is given by (AH !)gt which is a L:-bounded operator
applied to 1. By the upper bound for ¢, we see that this term satisfies
(6.2). For the second term, we write u as the sum of a ‘close’ part and
a ‘far’ part with respect to the boundary, relative to the length scale
A~1/2. We can integrate in r as described above to get the bound for
the close part, while a similar argument works for the far part. This
completes the proof of the lower bound.
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7. PERIODIC GEODESICS

In this section, we explore the relationship between trapped geodesics
and the failure of the lower bound by considering two examples. The
first is a hyperbolic cylinder, that is, the manifold M = [—a,a] x S§,
with metric

g = dz* + (cosh x)*db”.

This has a single periodic geodesic, at x = 0, which is unstable (geodesics
are always unstable in manfolds with negative curvature). Let € > 0

be given, and let F' be the set {|z| > €}; thus F excludes a neigh-

bourhood of the trapped geodesic. Then Colin de Verdiere and Parisse

showed that there is a sequence of normalized Dirichlet eigenfunctions

u;, kj — oo as j — oo, such that

1
2 .
U, |“dg ~ 00.
Then, applying our upper bound argument, which only uses the norm
of eigenfunctions in a neighbourhood of the boundary (see the remark
at the end of Section 4), we see that for some C

A,

log A,

e, Iz < €

This shows that the lower bound is violated. However, we can actually
show that this is the true order of growth of [y, [|3. Indeed, we shall
show that for every normalized eigenfunction u,

A
2
. > c——.

To show (7.1), we first observe that for every eigenfunction u, we
have

(7.2) / uf?dg >

This follows by looking at a basis of eigenfunctions ;) of the form

log \’

U\ = €Zl9(COSh x)_l/2vly,\.

Then v; ) satisfies

1 1
(Di + 5 Z(tanh x)* 4 [%(sech m)2> Uy = AUy,

which we rewrite in the form

(7.3) (R*D2 4 V)u,\ = Eup,
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with
o g 1 9 A—12—-1/2
h==1 +4, V(z) = (sechz)” -1, FE= PRy

Then Theorem 20 of [2] shows that for |E| < C, (7.2) holds. For
E > C, direct analysis of equation (7.3) shows that v; , has a uniform
L* bound, independent of h and E. Thus, in this case (7.2) holds
a fortiori. In the remaining case, £ < —C < 0, the origin is in the
classically forbidden region and the result follows immediately from
Agmon-type exponential decay estimates.

To complete the proof of (7.1), we construct an operator A which
has a nonnegative commutator with H, and which is strictly positive
in a neighbourhood of F'. We are able to do this because of the special
properties of geodesic flow on the hyperbolic cylinder. Letting G be the
complement of F'; and writing F' = F';, U F_ for the two components of
F, labelled according to the sign of x, a geodesic that passes from F/,
say, to GG either stays over G for all subsequent time, or emerges into the
region F_ and eventually reaches the boundary of M; it cannot happen
that a geodesic starts in GG, then moves into the set F', and returns to
G. Thus, given a geodesic v we can define an operator A with a symbol
which is linearly increasing when -y is above the set F', and vanishing
in some neighbourhood U CC G of the periodic geodesic. As before,
we can (by compactness) find a finite number of such operators whose
sum has the desired property.

Thus, for a given eigenfunction w, let M (u) denote the quantity on
the left hand side of (7.2). If we go back to (6.1), then we find that
the left hand side is at least as big as

CAM (u) — CAY2 > XM (u).
On the other hand, the argument above applied to Au shows that the
right hand side is no bigger than
Clb[|2AM2 M () /2.

We get the normalization factor M (u)'/? (instead of 1) since all argu-
ments are localized near the boundary of M. The combination of these
two estimates yields (7.1).

The second example we analyze is the spherical cylinder, that is,
M = (—a,a) x S, for 0 < a < 1, with metric

g = da® + (cos x)*db”.

This has a periodic geodesic at x = 0. However, in this case, the ge-
odesic is stable, and indeed every nearby geodesic is periodic. Thus,
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this case is the opposite extreme where there is an open set of peri-
odic geodesics. We shall see that, correspondingly, the lower bound is
violated in an extreme fashion.

This example may be analyzed in a similar way to the hyperbolic
cylinder. We may separate variables, so there is a basis of eigenfunc-
tions u;  of the form

e (cos x) vy .

Then v; 5 satisfies the equation
(7.4) (WD + V)us = Eupy,

where now

2
W= i V(z) = (seca) =1, E = /\ZQZ——W

Here, V' has a nondegenerate global mininum at x = 0. Let us consider

a sequence of eigenfunctions uy, with I, — oo and E(\,,ly,) < B,

where 0 < E; < V(a), so that the boundary, |z| = a, is in the classically

forbidden region. Then Agmon-type exponential decay estimates (see

[4], chapter 3) hold, giving for some € > 0

_\1/2
ug, (x,0) < Ce EA’“J’, | >6 >0, for some e > 0.
J

The upper bound argument then gives

—EIAIIC/? /
|r,;|]l2 < Ce "%, for some € > 0,

so we actually have exponential decrease, rather than O(A/2) increase,
in the L? norm of the normal derivative for any such sequence of eigen-
functions.

8. VECTOR FIELDS ARE NOT ENOUGH

Finally, we remark that the following example shows that one can-
not expect to find a first order differential operator A having positive
commutator with H.

First we analyze what it means for a vector field to have a positive
commutator with H. Let the symbol of A be a;(x)¢;. The Hamilton
vector field of H is ;0,,, so having a positive commutator requires that

8aj

(8.1) &i&; oz,

Thus, the matrix d,,a; must be positive definite, or in other words a;
is increasing in direction ey, etc.

Now consider the manifold with boundary shown in the figure (the
corners should be assumed to have been smoothed out so that it has

> 0 for |£] # 0.
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smooth boundary). In the figure, the topmost and bottom horizontal
dotted lines, and the leftmost and rightmost dotted lines, are identified.

This manifold has no trapped geodesics.

Suppose that there is a vector field A whose commutator with H has
a positive symbol. Notice that the two points p and ¢ are such that
there are three geodesics from p to ¢: one in the direction ey +e5, one in
the direction —e; and one in the direction —ey. Write A = aje; + aqes.
Then a; is increasing in direction e, and as is increasing in direction es.
Hence a1(p) > ai(q), and az(p) > az(q). On the other hand, a; + ay is
increasing in direction e;+ez, so this yields a; (p)+az(p) < a1(q)+az(q),
which is a contradiction.
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A SYMMETRIC FUNCTIONAL CALCULUS FOR
NONCOMMUTING SYSTEMS OF SECTORIAL
OPERATORS

BRIAN JEFFERIES

ABSTRACT. Given a system A = (41,...,A,) of linear operators
whose real linear combinations have spectra contained in a fixed
sector in C and satisfy resolvent bounds there, functions f(A) of
the system A of operators can be formed for monogenic functions
f having decay at zero and infinity in a corresponding sector in
R™*1. The paper discusses how the functional calculus f — f(A)
might be extended to a larger class of monogenic functions and its
relationship with a functional calculus for analytic functions in a
sector of C™.

1. INTRODUCTION

Given a finite system A = (Ay, ..., A,) of bounded linear operators
acting on a Banach space X, it has recently been shown how functions
f(A) of the n-tuple A can be formed for a large class of functions f,
just under the assumption that the spectrum o((A, ¢)) of the operator
(A, &) := >0 Aj€; is asubset of R for every € R” [5]. The operators
Ay, ..., A, do not necessarily commute with each other.

A distinguished subset v(A) of R"” with the property that the bounded
linear operator f(A) is defined for any real analytic function f : U — C
defined in a neighbourhood U of 7(A) in R™ arises in the approach con-
sidered in [5]. For a polynomial p in n real variables, p(A) is the oper-
ator formed by substituting symmetric products in the bounded linear
operators Ap,..., A, for the monomial expressions in p, that is, we
have a symmetric functional calculus in the n operators Ay,..., A,.
Another way of expressing this symmetry property is that for any
¢ € R™ and any polynomial ¢ : C — C in one variable, the equal-
ity p(A) = q((A, £)) holds for the polynomial p : x — ¢q({x,§)), z € R™.
Moreover, the mapping f +— f(A) is continuous for a certain topology

Date: 3 January 2003.
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47A25, 30G35.
Key words and phrases. lacunas, Weyl functional calculus, Clifford algebra,
monogenic function, symmetric hyperbolic system.
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defined on the space of functions real analytic in a neighbourhood of
v(A) in R™ [5, Proposition 3.3].

These properties are analogous to the Riesz-Dunford functional cal-
culus of a single bounded linear operator 7" acting on X, by which a
function f(7T") : X — X of T is defined by the Cauchy integral formula

1) A1) = —— /C (AT —T)F(A) dA,

271

for f analytic in a neighbourhood of the spectrum o(7") of T" and for C
a simple closed contour about o (7). It is by this analogy that the set
7(A) mentioned above may be thought of as the “joint spectrum” of
the system A, especially if there is no set smaller than «(A) possessing
the desirable properties alluded to.

Now for a single operator T, the spectrum o(7") has a simple alge-
braic definition as the set of all A € C for which the operator A\I — T’
is not invertible in the space L£(X) of bounded linear operators act-
ing on X. In the case that A consists of a system of n commuting,
possibly unbounded, linear operators with real spectra, A. M‘Intosh
and A. Pryde [14, 15] gave a simple algebraic definition of the joint
spectrum 7(A) of A and used this to obtain operator bounds for solu-
tions of operator equations. Work of A. M¢Intosh, A. Pryde and W.
Ricker [16] established the equivalence of v(A) with other notions of
joint spectrum.

In the noncommutative case, we cannot expect such a straightfor-
ward algebraic definition of the joint spectrum ~(A), although such
a definition was proposed in [8]. Another example of a symmetric
functional calculus is the Weyl calculus Wy considered in [19] for n
selfadjoint operators A = (A;,...,A,). In the case that the system A
consists of bounded selfadjoint operators, it was shown in [4] that y(A)
is precisely the support of the operator valued distribution W,, and
E. Nelson characterised this set as the Gelfand spectrum of a certain
subalgebra of the Banach algebra of operants [17]. Further work along
these lines was conducted by E. Albrecht [1].

If we now pass to unbounded operators, then a similar analysis holds
if we retain the spectral reality condition o((A4,&)) C R for £ € R™, pro-
vided that we suitably account for operator domains. However, much of
the work [14, 15, 16] on functional calculi just mentioned was motivated
by Alan M°Intosh’s study of the commuting n-tuple Dy, = (D, ..., D,,)
of differentiation operators on a Lipschitz surface 3 in R"*!. In the case
that X is just the flat surface R", the operators D; = Lo i=1,...,n,

it
i Ox;
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commute with each other and are selfadjoint, otherwise, the unbounded
operators D;, j = 1,...,n, have spectra o(D);) contained in a complex
sector S,(C) ={z€ C:2#0, |arg(z)| < w} with an angle w depend-
ing on the variation of the directions normal to the surface X.

Although the existence and properties of the H*-functional calculus
for the commuting n-tuple Dy, are now well-understood, see for example
[13], the purpose of the present paper is to initiate a study of the
symmetric functional calculus for an n-tuple A of unbounded sectorial
operators — we do not assume that the operators commute with each
other. In particular, the spectral reality condition

(2) o((A§)) CR, forall ¢ eR"”

needs to be relaxed. An alternative approach to forming an H>-
functional calculus for commuting operators using exponential bounds
is given in [11].

Before proceeding with further discussion, we note the definition of
the joint spectrum ~y(A) for a system A satisfying condition (2). The
key idea behind [14, 15] in the commuting case and [4, 5, 8, 9] in the
noncommuting case, is to produce a higher-dimensional analogue of the
Riesz-Dunford formula (1). So what we need is a higher-dimensional
analogue of the Cauchy integral formula in complex analysis and then,
in the time-honoured fashion of operator theory, substitute an n-tuple
of numbers by an n-tuple of unbounded linear operators. But this is
easier said than done.

It turns out that Clifford analysis provides a higher dimensional ana-
logue of the Cauchy integral formula especially well-suited to the non-
commutative setting. Even for the commuting n-tuple Dy, of operators
mentioned above, it provides the connection between multiplier op-
erators and singular convolution operators for functions defined on a
Lipschitz surface. A brief résumé of Clifford analysis [2, 3] and the
monogenic functional calculus treated in [5] follows.

Let C(,) be the Clifford algebra generated over the field C by the

standard basis vectors e, ey, ..., e, of R*"! with conjugation u +— .
The generalized Cauchy-Riemann operatoris given by D = Z?:o eja%j.

Let U C R™™! be an open set. A function f : U — Cy, is called left
monogenic if Df =0 in U and right monogenic if fD =0 in U. The
Cauchy kernel is given by
1 z—y

o |z —yn
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with o, = 27rnTH/F (”T“) the volume of unit n-sphere in R™"*!. So,
given a left monogenic function f : U — C,) defined in an open subset
U of R™! and an open subset  of U such that the closure Q of Q
is contained in U, and the boundary 02 of €2 is a smooth oriented
n-manifold, then the Cauchy integral formula

fly) = , G (y)n(x)f(z) du(z), yeQ

is valid. Here m(x) is the outward unit normal at x € 9Q and p is
the volume measure of the oriented manifold 9{2. An element x =
(o, 21,...,2,) of R™™ will often be written as z = zpeq + T with
f = Z?:l ZL‘j@j.

By analogy with formula (1), our aim is to define

(4) f(A) = [ Gu(A)n(x)f(z) dp(x)

o0

for the n-tuple A = (A4, ..., A,) of bounded linear operators on X. A
difficulty occurs in making sense of the Cauchy kernel z — G,(A), a
function with values in the space £(X) ® C(,) that should be defined
and two-sided monogenic for all z off a nonempty closed subset v(A)
of R™ inside §2. The set 02 can be smoothly varied in the region where
x +— G(A) is right-monogenic. Of course, one would also like f(A) to
be the ‘correct’ operator in the case that f is the unique monogenic
extension to R™"*! of a polynomial in n variables.

In the Riesz-Dunford functional calculus for 7', the set of singularities
of the resolvent A — (A — T')~! is precisely the spectrum o(7T') of T,
so the set 7(A) may be interpreted as a higher-dimensional analogue
of the spectrum of a single operator. It seems reasonable to call the
set v(A) the monogenic spectrum of the n-tuple A by analogy with the
case of a single operator.

The program was implemented by A. M¢ntosh and A. Pryde for
commuting n-tuples of bounded operators with real spectrum in order
to give estimates on the solution of systems of operator equations [14,
15]. In the case that n is odd, we have

n

v(A) = {)\ eR": Z()\jl — A;)? is invertible in £(X) }

j=1

and
_ntl
1 n 2
Go(A) = —(z—4A) (9031 +> (] - Aj)2> ,
j=1

On
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for all z = (xg,...,x,) € R"™\ ({0} x v(A)). It turns out that (A)
coincides with the Taylor spectrum for commuting systems of bounded
linear operators [16].

If the n-tuple A of bounded linear operators satisfies exponential
growth conditions, such as when Ay, ..., A, are selfadjoint, then Weyl’s
functional calculus Wy is associated with A and G,(A) = W(G,) is an
obvious way to define the Cauchy kernel for all z outside the support of
Wa. It is shown in [4] that formula (4) holds. However, in this case, we
actually have a symmetric functional calculus defined over v(A) richer
than just all real analytic functions.

The Cauchy kernel G, (A) can also be written as a series expansion
like the Neuman series for the resolvent of a single operator if z € R**!
lies outside a sufficiently large ball [8, 9], but the expansion does not
allow us to identify v(A) as a subset of R™ in the case that the spectral
reality condition (2) holds.

A third way to define the Cauchy kernel G,(A) for the monogenic
functional calculus whenever the spectral reality condition (2) holds,
is by the plane wave decomposition for the Cauchy kernel (3) given by
F. Sommen [18]. This was investigated by A. M‘Intosh and J. Picton-
Warlow soon after the papers [14, 15] appeared. The formula is

Gty = () st

o

X /Snl(eo +15) ((Z, s)I — (A, s) — xosl) " ds

for all x = xgeg + ¥ with xg a nonzero real number and ¥ € R".
Here S~ ! is the unit (n — 1)-sphere in R", ds is surface measure and
the inverse power ((ZI — A, s) — zs)” " is taken in the Clifford module
L(X)®Cy. The spectral reality condition (2) ensures the invertibility
of ((£I — A,s) — xgs) for all zp # 0 and s € S" ! by the spectral
mapping theorem.

Even if A satisfies exponential growth conditions, with the left hand
side given by formula (5), the equality G,(A) = Wa(G,) can still be
used to good effect. In [6], it was used to geometrically characterise the
support of fundamental solution of the symmetric hyperbolic system
associated with a pair A of hermitian matrices in the case n = 2.
Greater understanding of Clifford residue theory would enable a similar
treatment in higher dimensions.

In Section 2, it is shown how formula (5) for the Cauchy kernel
associated with the system A of sectorial operators still works if the



NONCOMMUTING SYSTEMS OF SECTORIAL OPERATORS 73

spectral reality condition (2) is replaced by a sectoriality condition with
the appropriate resolvent bounds. The system Dy, of commuting secto-
rial operators described above is of this type. By this means functions
f(A) of the operators A can be formed, provided that f is, say, left
monogenic in a sector in R"*! and satisfies suitable decay estimates at
0 and oo, in a fashion similar to the case of a single operator of type
w [12]. Because G,(A) is only defined for z outside a sector in R"!,
the monogenic spectrum ~(A) is now contained in that sector in R™*1.
Recall that under condition (2), v(A) is a subset of R".

A function f(Dy) of the system Dy has a natural interpretation as
a multiplier operator acting on LP-spaces of functions defined on the
Lipschitz surface X, as well as a singular convolution operator, so the
multiplier f should be a bounded analytic function defined on a sector
in C" [13], rather than, say, a bounded monogenic function defined in
a sector in R"*1. The monogenic functional calculus for a system A of
sectorial operators appears to be moving us inexorably in the wrong
direction.

The problem arises of establishing a bijection between monogenic
functions defined on a sector in R"*! and analytic functions defined on
a sector in C", together with the appropriate norms — this is a question
of function theory rather than operator theory. The association is via
the Cauchy-Kowaleski extension to a sector in R™*! of the restriction
of the analytic function to R™\ {0}.

The purpose of this paper is to make some observations about the
relationship between monogenic functions defined in a sector in R"™*?
and analytic functions defined in the corresponding sector in C", with
applications to functional calculi of systems of operators firmly in mind.
In Section 3, the spectral properties of multiplication operators in C,)
are examined along the lines of Lecture 1 of [13]. In Section 4, this
enables us to uniquely associate a bounded analytic function defined
in a sector in C" with a suitably decaying monogenic function defined
in the corresponding sector in R™*! via the Cauchy integral formula.

2. THE PLANE WAVE DECOMPOSITION

Let A= (Ay,...,A,) be an n-tuple of densely defined linear opera-
tors A; : D(A;) — X acting in X such that N7_,D(A;) is dense in X.
The space L) (X)) of left module homomorphisms of X,y = X®Cy,
is identified with £(X) ® C(,) in the natural way and becomes a right
Banach module under the uniform operator topology.
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If we take formula (5) as the definition of G (A), then the conver-
gence of the integral

/ (o +is) ((Z1 — A, s) —xosI) " ds
Sn—1

for particular values of x = xgeg + & € R*! is at issue. Now
~1

(BT — A, s) — wosI) ™" = ((&] — A, s) + xosI) ((TT — A, 8)* + 221)

if 0 ¢ o ((¥I — A, s)? + x3). Thus, we need to ensure the appropriate
uniform operator bounds for

((F1— A, s)2 +221)"", sesm!

as © = xpey + x ranges over a subset of R"™. In the case that
o((A,s)) C R and (A — (A, s))~! is suitably bounded for all s € S~
and A € C\R, then G,,¢,+2(A) is defined for all zy # 0. First, for each
0<v<m/2, set

S,+(C) = {z € C:largz| <v}uU{0},
S,(C) = 5,+(C) Uig(=5,+(C)),

S§+(C):{ZEC |arg z| < v},
S,(C) = 5§+( )U (_ SS+(C>)'

The (n — 1)-sphere in R™ is denoted by S™ .

Definition 2.1. Let A = (A4, ..., A,) be an n-tuple of densely defined
linear operators A; : D(A;) — X acting in X such that (}_, D(4;) is
dense in X and let 0 < w < 7. Then A is said to be uniformly of type w

if for every s € S"7!, the operator (A, s) is closable with closure (A, s),
the inclusion o ({4, s)) C S, (C) holds, and for each v > w, there exists
C, > 0 such that

(6) Nz =(As) I <Ol 2 ¢ S3(C), se s

It follows that s — (A, s) is continuous on S”~! in the sense of strong
resolvent convergence [7, Theorem VIIL.1.5]. Because (zI — (4, s>)71
is densely defined and uniformly bounded in X, the closure symbol will
be omitted.

Now suppose that equation (6) is satisfied and let z = (¥, s) + ixy.
Then z ¢ S;(C) means that |argz| > v for —F < argz < 7 or
m—argz > vfor f <argz<morm+targz > vfor —m <argz < —7.
Hence, we have |zo| > tanv|(Z, s)|.
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First, let
N, = {2z eR" 2 =uxpe+ T, |m0| > tanv|7] },
S,(R™) = {z e R"™ : 2 =xpe0 + 7, |20| < tanv|z| },
SO(R™Y) = {z e R"™ 2 =mpep + 7, |10| < tanv|7] }.

Note that if zgeg + x € N, then 2z = (Z,s) + ixg ¢ S9(C) for every
s € 871 because either |zo| > tan v|Z] > tanv|(Z, s)|.

Lemma 2.2. Let w < v < 7/2. Suppose that the n-tuple A of linear
operators is uniformly of type w. Then for all xoeq + £ € N,, the
integral

/Sn_1 H((f] — A s) — xosf)_nHﬁ(n)(X(n)) ds

converges and satisfies the bound
; —n &
/Sn_l H((x] — A, s) — xosl) H‘c(n)(X(n)) ds < o™
Proof. For every xoeg + & € N,, we have z = (x,s) +ixg ¢ S,(C) so
that the operator ((Z,s) & ix¢)I — (A, s) is invertible and the bound
C,

Z,s) Xixg)l — (A, s S —
(625 o)1 — o

D e <
holds. Now
(B — A, s) — xgsI)™"
= ((ZI1 — A, s) + zosl) ((FI — A, s)* + z} )_1
where
((FI — A, s)* + x31)
= (&, 8) + ixo) ] — (A, ) (((Z,8) —imo)] — (A, s)) .
Writing ((Z1 — A, s) + xosl) = (((Z, s) +ixo)] — (A, s)) —ixol + xs1,
we obtain
(B — A, s) —xos]) ™" = (((Z,s) —izo)] — (A, s)7"
—ixo(eg + i8) ((f] — A, 8 + 1} )71 ,

-1

so that by the estimate (6) we have

_ C, 2|z |C>
|((FT — A, s) — zos]) ™ 2aolCy
Ly (X)) (Z,8)2+ a2 (,8)? + x5
C, +2C?
w0l

from which the stated bound follows. O
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Thus, if A is uniformly of type w, then zgeq + 7 — Gpepra(A) is
defined by equation (5) for all zpeg + & € N, with w < v < 7/2.
Standard arguments ensure that xgeg + & — Gypeo1a(A) is both left
and right monogenic as an element of £(X) ® C,. If we denote by
v(A) C R™! the set of all singularities of the function zgeq + T —
Gageo+2(A), then

1(A) € Su(R™).

Suppose that w < v < 7/2, 0 < s < n and [ is a left monogenic
function defined on S2(R™*!) such that for every 0 < 6 < v there exists
C9 > 0 such that

|z]*

(7) |f(z)] < Cem,

According to Lemma 2.2, for every w < v/ < 6 < v, we have

z € Sp(R™).

|z ]?

G @ < Cour oy o

T = Tpo+ T

for all z € Sg(R™™) N N,
Now if w < 0 < v and

(8) Hy={r € R"™ 2 =u1xpe0 + 7, |20|/|7| = tan 6} C SS(R™1).

it follows that ||G,(A)||.|f(z)] = O(1/|x|**) as © — 0 in Hy. Hence,
x +— Gy(A)n(z)f(x) is locally integrable at zero with respect to n-
dimensional surface measure on Hy. Similarly, ||G.(A)|.|f(z)] =
O(1/]x|"**) as |x| — oo in Hy, so x — G (A)n(z)f(x) is integrable
with respect to n-dimensional surface measure on Hy.

Therefore, we define

(9) ﬂ&zAGWMMNWM@

If ¢ : R™1\ {0} — C has a two-sided monogenic extension % to
S°(R™1) that satisfies the bound (7) for all 0 < 6 < v, then ¢)(A) is
written just as ¢(A).

Formula (9) does just what we would expect in the noncommuting
situation. For example, let p be a polynomial of degree n with p(0) = 0
and by(z) = p(z)(A — 2)™! for some X ¢ S°(C). Let £ € R™ and set
Ore(r) = ba((z,§)) for all z € R™. Denote the two-sided monogenic
extension of ¢, ¢ to SS(R™) by qg,\,g. Then QBA’,S has decay at zero and
infinity and we have ¢y¢(A) = dre(A) = p((A, )N — (A, €)™ is
a bounded linear operator.

In order to form functions f(A) of the system A of operators for
a class of monogenic functions f larger than those which satisfy a
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bound like (7), a greater understanding of function theory in the sec-
tor S,(R™*1) is needed. To this end, the simple system A = ( =
(Ci,---,¢n) € C" of multiplication operators in the algebra C,) is con-
sidered in the next section.

3. JOINT SPECTRAL THEORY IN THE ALGEBRA C(y)

Let ¢ = ((1,...,Cy) be a vector belonging to C". The complex
spectrum o(i¢) of the element i¢ = i(¢1e1 + -+ - + (uen) of the algebra
(C(n) is

o(i¢) = {A € C: (Aeg —i() does not have an inverse in C,) }.
Following [13, Section 5.2, we check that
(Aeg +iC)(Neg — i) = Neg — i2C* = (A\* — [¢|&)eo,
where [([z = Y77, (7. So, for all A € C for which, A # +[(|c, the
element (Aeg — i¢) of the algebra C,) is invertible and
. )\60 + ’LC
A —ICle
If [¢|2 # 0, the two square roots of |(|% are written as +|(|c and
IC|c = 0 for [¢]2 = 0. Hence o(i¢) = {£|¢|c}. When || # 0, the

spectral projections
1 1¢
= ()
i( ) 9 0 i|C|(C

are associated with each element +|(|¢ of the spectrum ¢ (i¢) and i( has

(Aeog —i¢)~"

the spectral representation i¢ = |¢|cx+(¢) + (—|¢|c)x=(¢). Henceforth,
we use the symbol |(|c to denote the positive square root of [¢|% in the
case that |C|2 ¢ (— € fty,0].

On the other hand, according to the point of view mentioned in the
Introduction, the monogenic spectrum ~(() of ¢ € C™ should be the set
of singularities of the Cauchy kernel z — G,(¢) in the algebra C,).
Although G,(¢) is defined by formula (3) only for ( € R™ and = # (, a
natural choice for the Cauchy kernel for {( € C" is to take the maximal
analytic extension ¢ — G,(¢) of formula (3) for ¢ € C", that is,

(10)

_ 1 TH¢ ne1 J [z —C|g ¢ (=00,0], n even
G.(C) = rER ,{u_%%o’ v

Ou o — ¢

Here |z — (|2 = 2§+ 327 (x; — (;)* and |z — |c is the positive square
root of |z — (|2, coinciding with the analytic extension of the modulus
function £ — |z —&|, € € R*\ {z}.
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The analogous reasoning for multiplication by z € R"*! in the al-
gebra Cy, just gives us the Cauchy kernel (3), so that y(z) = {z}, as
expected.

Remark 3.1. If ( = ((1,...,,) satisfies the conditions of Definition
2.1, then there exists § € [~w,w| and x € R" such that ¢ = e¢?z. To
see this, write ( = a +if for a, B € R™. If [(5,€)| < |{a, )| tanw for
all £ € R", then o C 3+, so that 8 € span{a}.

In this case, the plane wave formula (5) with A = ¢ and equation
(10) agree by analytic continuation, at least for z € N, with v > |0].

Given ¢ € C", if singularities of (10) occur at x € R""!, then |z —
(|2 € (—o0, 0], otherwise we can simply take the positive square root
of |z — ¢|% in formula (10) to obtain a monogenic function of z. To
determine this set, write ( = & +in for £, € R™ and x = xgeg + & for
o € R and ¥ € R". Then

o — (R = x§+Z<xj
= 930+Z 277]

(11) = va—ﬁ\z [nl* = 2i(@ — &, n).

Thus, |z — (|2 belongs to (—oo, 0] if and only if x lies in the intersection
of the hyperplane (Z — £, ) = 0 passing through ¢ and with normal 7,
and the ball 23 + |Z — £]* < |n|? centred at ¢ with radius |n|. If n is
even, then

(12) 7(¢) = {z = zoeo+7 € R™ : (T, 1) = 0, xg+]T—¢[* < [n]* }.
and if n is odd, then

(13) 7(¢) = {z = woeo+Z € R™™ : (F—&,n) = 0, zg+[T—E]* = n|* }.
In particular, if ¥(¢) = 0, then v(¢) = {¢} C R™.

Remark 3.2. The distinction between n odd and even is reminiscent
of the support of the fundamental solution of the wave equation in even
and odd dimensions.

Off v(¢), the function z — G,(() is clearly two-sided monogenic, so
the Cauchy integral formula gives

(14) f(o) = /a GulOn() (@) du(z)
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for a bounded open neighbourhood € of (¢) with smooth oriented
boundary 952, outward unit normal n(x) at z € 92 and surface mea-
sure pu. The function f is assumed to be left monogenic in a neigh-
bourhood of Q, but ¢ — f(¢) is an analytic Cn)-valued function as the
closed set y(¢) varies inside §). Moreover, f equals f on QNR" by the
usual Cauchy integral formula of Clifford analysis, so if f is, say, the
monogenic extension of a polynomial p : C* — C restricted to R", then
f (¢) = p(Q), as expected. In this way, for each left monogenic function
f defined in a neighbourhood of v((), in a natural way we associate an
analytic function f defined in a neighbourhood of (.

It is clear that if { = £ +in lies in a sector in C", say, |n| < |¢|tanwv,
then the monogenic spectrum 7(¢) lies in a corresponding sector in
R™*L. More precisely, we have

Proposition 3.3. Let ¢ € C*"\ {0} and 0 < w < 7/2. Then v({) C
S (R™1) if and only if

(15) [€I& # (=00,0] and  [S(O)] < R(|¢|c) tanw.

Proof. The statement is trivially valid if ¢ € R™ \ {0}, so suppose that
I(¢) # 0. Then the monogenic spectrum (¢) of ¢ given by (12) is a
subset of S, (R"™!) if and only if there exists 0 < 6 < w such that the
cone

Hy = {zoeg+ 7 € R 135 > 0, 79 = |z|tand }

is tangential to the boundary of v(¢). A calculation shows that H, is
tangential to the boundary of v({) for all { = £ + in with £,n € R™,
satisfying

(16) [n]* = sin® O(|¢]* + tan® 0| P¢[*).

Here P, : u — (u,m)n/|n|?, v € R", is the projection operator onto
span{n}.

To relate condition (16) to the inequality (15), suppose that m =
moeo + m is the unit vector normal to Hy such that m lies in the
direction of n. Hence, my = cotf|m|, tanf = |ni|/my and P,§ =
(¢,m)m/|m|*. Then equation (15) becomes

—

. . m
n = sin 0(mg|¢[* + (5,m>2)1/2‘m|—m0-

But |mgeg + mi| = 1, so (cot? 6 + 1)|mi|? = 1. We have |ni| = sin 6 and

—

(17) 0= (male]® + <s,m>2>1/2m%.
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As mentioned in [13, p67], the set of all ( = £ +1in with n # 0 satisfying
(17) is equal to the set of all { = & 4 in with n # 0 satisfying

m%#@uunam.nzﬁmm%%

Because |m|/my = tanf < tanw, we obtain the desired equivalence by
letting m vary over all directions in R". O

For each 0 < w < 7/2, let S,(C") denote the set of all { € C"
satisfying condition (8) and let S2(C") be its interior.

Corollary 3.4. Let f: SS(R™™) — Cy) be a left monogenic function
such that the restriction f of f to R™\ {0} takes values in C. Then f
is the restriction to R™\ {0} of an analytic function defined on S (C™)

The sectors S,(C") € C" and S,(R™™') C R™™ are dual to each
other in the sense that the mapping

(w,0) = Gu(Q), weR™\ S, (R™), (€ S5(C)

is two-sided monogenic in w and analytic in (.
The sector S, (C™) arose in [10] as the set of ( € C" for which the
exponential functions

ey (x,¢) = " POemmllex (), @ = woeo + T,

have decay at infinity for all x € R™"! with (x,m) > 0 and all unit
vectors m = mgeg + m € R™ satisfying mgy > cot w|m|.

4. JOINT SPECTRAL THEORY OF SECTORIAL MULTIPLICATION
OPERATORS

By means of the higher-dimensional analogue(4)of the Riesz-Dunford
functional calculus, we can form functions f(A) of a noncommuting
system A of operators uniformly of type w for left monogenic functions
f defined on a sector S,(R""!), w < v < /2, provided that f has
decay at zero and infinity.

The observations of the preceding section mean that we can do some-
thing similar for the commutative system of multiplication operators
in the sector S, (C"), although these are not uniformly of type w. The
problem mentioned in the Introduction of connecting monogenic func-
tions defined on a sector in R™*! with analytic functions defined on
a sector in C" can be reformulated simply in terms of studying the
monogenic functional calculus for multiplication operators.

More precisely, let 0 < w < 7/2 and set X = L*(S,(C"),C).
Integration is with respect to Lebesgue measure on C* = R?". Let
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M; be the operator of multiplication by the j’th coordinate function
defined on S,,(C"), that is, the domain D(M;) of M; is the set of all
functions 1 € X such that the function M1y defined by

(18) (M;¥)(€) = G(Q), ¢ e 8u(C),

belongs to X, and the unbounded operator M; is given by formula (18)
for each ¢ € D(M;). Set M = (M, ..., M,). Then M is a commuting
n-tuple of normal operators. Unlike the n-tuple Dy of operators men-
tioned in the Introduction, the existence of a joint functional calculus
for M is not an issue.

Indeed, the joint spectral measure P : B(S,(C")) — L(X) given by

P<B)¢:X3w7 wEXu B€B<Sw((cn>>7

has support S,(C™). For any bounded Borel measurable function f :
S,(C™) — C, the bounded linear operator

son= [ gap

is given by the functional calculus for commuting normal operators,
and explicitly, by

fM) :ap = b, eX.

Thus we have a functional calculus for M for a class of functions far
richer than uniformly bounded analytic functions f defined in a sector
So(C™) with w < v < /2.

Nevertheless, it is not so obvious that bounded linear operators f (M)
can also be formed naturally for functions f that are monogenic in a
sector S°(R™) with w < v < /2.

The Cauchy kernel G, (M) is defined for all z € N, and all v such
that w < v < m/2 simply by setting

(19) (G=(M)Y)(C) = P(Q)G(C), ¢ € 5,(C),

for all v € X and x € N, so that G,(M) is a left module homomor-
phism of X. The proof of the next lemma is straightforward and is
omitted.

Lemma 4.1. Letw < v < /2. Then G,(M) is a bounded linear opera-
tor on X for allz € N,\{0}. Furthermore, the operator valued function
x— G(M), x € N, \ {0}, is continuous for the strong operator topol-
ogy, right monogenic in the interior of N, and |G,(M)| = O(|z|™)
as |x| — oo and |x| — 0 in N,
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Let w < v < m/2. Suppose that f is a left monogenic function
defined on S2(R™*!) such that for every 0 < 6 < v, the bound (7)
holds.

Now if w < § < v a nd Hy is the two-sheeted cone (8) in R"*!, then
the bounded linear operator f(M) : X — X is defined by the formula

(20) F(M) = /H G (M)n(x) () du(x)

by the same argument by which (9) is defined. Then f(M) is a left
module homomorphism of X. The operator f(M) is identified in the
next statement.

Proposition 4.2. Suppose that f is a left monogenic function defined
on SS(R™1) satisfying the bound (7) for every 0 < 6 < v and f(M)
is defined by formula (20). Let f be the Cny-valued analytic function
defined from f by formula (14). Then f 1s uniformly bounded on the
sector S, (C"),

(21) (F(M))(C) = () f(Q), ¢ € Su(C),
for all v € X and || f(M)|| = || fll = (s.cn)-

The problem remains of obtaining better bounds for the operator
norm of f(M) in terms of bounds of the left monogenic function de-
fined on S2(R™*!) and feeding these bounds back into formula (9) for
a system A uniformly of type w.
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SIMILARITIES OF W-ACCRETIVE OPERATORS
CHRISTIAN LE MERDY

ABSTRACT. Given a number 0 < w < 7, an w-accretive operator

is a sectorial operator A on Hilbert space whose numerical range
lies in the closed sector of all z € C such that |[Arg(z)| < w. It is
easy to check that any such operator admits bounded imaginary
powers, with ||A%|| < e*l*l for any ¢ € R. We show that conversely,
A is similar to an w-accretive operator if ||A%| < et for any
teR.

1. INTRODUCTION.

Let H be a Hilbert space and let A be a closed operator on H with
dense domain D(A). Given any w € (0,7), we let ¥, be the open
sector of all complex numbers z € C* such that |Arg(z)| < w, and we
say that A is sectorial of type w if its spectrum o(A) is included in the
closure of X, and if for every 6 € (w,7), theset {z(z—A)™ : 2z ¢ 5y }
is bounded.

Assume that w < 7. We say that A is w-accretive if it is sectorial of
type w and if

(1.1) (A€ eX,, € D(A).

It is well-known that if the resolvent set p(A) contains —1, say, then
(1.1) implies that A is sectorial of type w. Thus A is w-accretive if and
only if —1 € p(A) and (1.1) holds true. Note that with this terminology,
Z-accretivity coincides with maximal accretivity. The aim of this note
is to give a characterization of injective w-accretive operators up to

similarity in terms of their imaginary powers.

If A is an injective maximal accretive operator on H, then we can
define its imaginary powers and we have ||A®|| < ezl for any real
number ¢t € R. Indeed this estimate is a consequence of von Neumann’s
inequality, see e.g. [1, Theorem G]. More generally, assume that A is an
injective w-accretive operator. Then e/ 2“4 and e 2~ A are both
maximal accretive hence for any ¢ € R, we have ||(e!(Z) A)|| < ez

and [|(e7"G)A) || < e2ll We easily deduce that

(1.2) A% < el teR.
84
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Our main result asserts that conversely, if A is an injective sectorial
operator satisfying (1.2), then A is similar to an w-accretive operator,
that is, there exists a bounded and invertible operator S: H — H such
that St AS is w-accretive. We thus have the following characterization.

Theorem 1.1. Let w € (0,5] be a number and let A be an injective
sectorial operator on H. Then A is similar to an w-accretive operator
if and only if there exists a bounded and invertible operator S: H — H
such that ||STA"S|| < eIl for any t € R.

We wish to make three comments concerning this theorem. First,
it complements a previous result of ours ([7]) saying that if A is an
injective sectorial operator of type < 7, then A is similar to a maximal
accretive operator if and only if it admits bounded imaginary powers.
Second, Simard’s recent work ([12]) shows that our result is essentially
optimal. Indeed on the one hand, [12, Theorem 1] implies that for
any w < 7, one can find A not similar to an w-accretive operator
whose imaginary powers satisfy an estimate ||A%| < Ke“l!l for some
K > 1. On the other hand, [12, Theorem 4] shows that one can find A
satisfying ||A%|| < e2!l for any ¢ € R without being maximal accretive.
The third comment is that our proof heavily relies on some recent
work of Crouzeix and Delyon ([5]) who established some remarkable
estimates for the analytic functional calculus associated to an operator

whose numerical range lies in a band of the complex plane.

We now give a consequence of Theorem 1.1 concerning fractional
powers of w-accretive operators. Let 0 < w < 7 and a € (0, 1] be two
numbers. It is well-known that if A is an w-accretive operator, then
A% is aw-accretive. Although the converse does not hold true (see e.g.

the discussion at the end of [12]), Theorem 1.1 implies the following.

Corollary 1.2. Let A be an w-accretive operator for some w < 3 and

1 . . . .
let o > 22 be a number. Then A= is similar to an “-accretive operator.
™ o

Proof. We may assume that A is injective and that o < 1. Then our
assumption of w-accretivity implies (1.2). Since (A= )" = A'&, we thus
have ||(A=)i|| < e&ll for any ¢ € R. According to Theorem 1.1, this
implies that A% is similar to an Z-accretive operator, whence the result
by taking a-th powers. O

The proof of Theorem 1.1 is given in Section 3. It uses both H*
functional calculus techniques (as introduced by M°Intosh in [8]) and a
theorem of Paulsen ([9]) reducing our proof to the study of the complete
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boundedness of an appropriate functional calculus. In Section 2 below,
we provide some background on Paulsen’s Theorem for the convenience
of the reader.

2. BACKGROUND ON COMPLETE BOUNDEDNESS AND PAULSEN’S
THEOREM.

We only give a brief account on complete boundedness and its con-
nections with similarity problems. More information and details, as
well as important developments and applications can be found in [10].

Given a Hilbert space H, we let B(H) denote the C*-algebra of all
bounded linear operators on H. If C is a C*-algebra and n > 1 is an
integer, we let M, (C) denote the C*-algebra of all n x n matrices with
entries in C. Let us describe the resulting norm in two important special
cases. Assume first that C = B(H). Then the C*-norm on M, (B(H))
is obtained by regarding elements of M, (B(H)) as operators on the
Hilbertian direct sum H & --- @& H of n copies of H. Thus for any
[T;x] € M, (B(H)), we have

(2.1) ||[T3l]| = SUP{ (iHiTakkaQ)é & € H, kz: 1€kl < 1}.

j=1 k=1

Now consider the case when C = Cj,(2) is the space of all bounded and
continuous functions g: {2 — C on some topological space €2, equipped
with its sup norm. Then the C*-norm on M, (Cy(2)) is obtained by
identifying M, (Cy(£2)) with the space Cy(£2; M,,) of bounded and con-
tinuous functions from € into M,,. Thus for any [g;x] € M, (Cy(2)), we
have

(2.2) g8l = sup{mgjkmmm A€ Q}

Let H be a Hilbert space, let C be a C*-algebra and let £ C C be a
(not necessarily closed) subspace of C. Then the space M, (E) of n xn
matrices with entries in £ may be obviously regarded as embedded in
M,(C). By definition, a linear mapping u: £ — B(H) is completely
bounded if there exists a constant K > 0 such that

H[u(ajk)]HMn(B(H)) < KH[aﬂ'kmMn(E)

for any n > 1 and any [a;;] € M, (E). In that case, the least possible
K is denoted by ||u||s and is called the completely bounded norm of
u. If the latter is < 1, then we say that u is completely contractive.
Obviously any completely bounded mapping u is bounded, with |Ju|| <

Huch-
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Paulsen’s Theorem asserts that any completely bounded homomor-
phism on an operator algebra (= subalgebra of a C*-algebra) is similar
to a completely contractive one. More precisely, we have the following
statement (see [9]), that we will use in the situation when C = C,(Q)
for some (2.

Theorem 2.1. (Paulsen) Let H be a Hilbert space, let C be a C*-
algebra, let A C C be a subalgebra, and consider a linear homomor-
phism uw: A — B(H). If u is completely bounded, then there ezists a
bounded invertible operator S: H — H such that the linear homomor-
phism ug: A — B(H) defined by letting us(a) = S~ 'u(a)S for any
a € A is completely contractive. In particular, |S™ u(a)S|| < ||a| for
any a € A.

We finally recall for further use that for any [aj;] € M, and for any
vectors &1,...,&, and 1y, ...,n, in a Hilbert space H, we have

2 ] < el (Z ||§k||2)% (Z ||nj||2)5.

jk=1

(2.3)

3. PROOF OF THEOREM 1.1.

We first introduce some notation concerning H* functional calculus
associated to sectorial operators (in the sense of [8], [3]). For any
6 € (0,7), we recall that

Yo={z€C: |Arg(2)| < 6}

and we let I'y be the counterclockwise oriented boundary of 34. Then
we let H5°(Xy) be the space of all bounded analytic functions f: ¥y —
C for which there exist two positive numbers ¢ > 0, s > 0, such that

|2|°
V@HSCT:E@» z € Xg.

We recall that if A is a sectorial operator of type w € (0,7) and if
f e H§*(Xy) for some 6 € (w, ), then we may define f(A) € B(H) by
letting

) = 5 [ =),

where v € (w,0) is an intermediate angle. (The definition of f(A) does
not depend on 7 by Cauchy’s Theorem.)

We let A be an injective sectorial operator satisfying (1.2) for some

w € (0,%) and aim at proving that A is similar to an w-accretive
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operator. Recall from [11, Theorem 2] that A is necessarily sectorial
of type w. Changing A into A25, we may assume that w = 7. We fix
some 0 € (5,m) and we let Ay = H{°(Xg) that we regard (by taking
restrictions) as a subalgebra of Cj(Xz ). Then we let A C Cy(Xz ) be the
subalgebra linearly spanned by A, the function fyo(z) = ﬁ, and the

constant function 1. We clearly define a homomorphism u: A — B(H)
by letting u(f) = f(A) for f € Ao, u(fo) = (1+ A~ u(l) =1, and
then extending linearly. We will prove that

(3.1) u: A— B(H) is completely bounded.

Taking this for granted, the conclusion goes as follows. By Paulsen’s

Theorem, there exists an invertible S € B(H) such that ||S™ u(f)S] <

| fllcyzq) for all f € A. Moreover the function f(z) = == belongs to
2

1r
A and u(f) = (1 — A)(1 + A)~!. Since we have

1—=z2
Hchb(g%) = sup{’ T z‘ : Re(z) > O} =1,

we conclude that
STT1-A)1+A) 'S =(1-S1AS)(1+S1AS)™! is a contraction.

This shows that S~'AS is maximal accretive.

To prove (3.1), we will change our sectorial functional calculus into
a band sectorial functional calculus by means of the Log function. For
any v > 0, let

P,={AeC : |[Im(N\)| <~}

and let A, denote its counterclockwise oriented boundary. Let ¢B be
the generator of the co-group (A™);, so that B should be thought as
being Log(A). Our assumption that ||A%|| < ezl!l for any ¢ € R means
that «B — 5 and —iB — 7 both generate contractive semigroups on H.

Hence § — B and 7 + ¢B are both maximal accretive, whence

Re <(g —iB)€)>0 and Re <(g +iB)E,E) >0,  £e D(B).

In turn this is equivalent to say that the numerical range of B lies into
the closure of Pz, that is,

(3.2) (BE,€§) e P=,  £eD(B), [l <1
Let H$°(Py) be the space of all bounded analytic functions g: Py — C
for which there exist a constant ¢ > 0 such that |g(\)| < Trhpe for any

A € Fy. Then let v € (5,0) be an arbitrary number. Since iB — 7

and —iB — § both generate contractive semigroups, the function A —
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(A—B) ! is well-defined and bounded on A, hence for any g € H°(Fp)
we may define g(B) € B(H) by letting

o) = 5 [ a0 =B)

o

It is easy to check (using Cauchy’s Theorem) that this definition does
not depend on the choice of 7 and that the mapping v: g — ¢(B) is a
linear homomorphism from H§°(FP) into B(H ). Moreover the sectorial
and band functional calculi are compatible in the sense that for any
[ € Hg*(X), the function A — f(e) belongs to H5°(Py) and

(3.3) g(B) = f(A) if g(\) = f(e").

We refer the reader to [2] for various relationships between sectorial and
band functional calculi, from which a proof of (3.3) can be extracted.
However we give a direct argument for the sake of completeness. Let ¢
be the function defined by ¢(z) = 2(1+2)72%, so that p(A4) = A(1+A)~2
It is well-known that ¢(A) has a dense range, so that we only need to
prove that g(B)p(A) = f(A)p(A). We fix two parameters J < 75 <
7 < 0. Let A be a complex number with Im(\) = ~;. Applying the
Laplace formula to the semigroup (A~");>¢, we have (in the strong
sense)

A=B)' =i(iA—iB) = —i / M AT L,
0

Hence using Fubini’s Theorem, we obtain
—1 < )
(A= B)tp(A) = — / e”‘t/ 2 p(2) (2 — A) M dz dt
2T 0 F’Yz
1

=5 . (—z' /0 M it dt> o(2)(z — A) "t dz

whence

(= B)p(4) = o / A_L;szxz—m*dz.

The latter idendity can be proved as well if Im(\) = —v; hence holds
true for any A € A,,. Using Fubini’s Theorem again and Cauchy’s
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Theorem, we therefore deduce that

mmam:—fé gV — B) Lp(A) dA

271

_ (%)2 /A g /F A_L;OW) o(2)(z — A dz dn

_ (%)2 /F (/A gmm dA) o(2)(z — A) dz

= L[ gLog(2)e(2)(z — Ayt da

271 r.,
= f(A)p(A),
which concludes the proof of (3.3).

We let B be equal to Hg®(Fp) regarded as a subalgebra of Cy(Px).
To prove (3.1), it will suffice to show that

(3.4) v: B— B(H) is completely bounded.

Indeed since the exponential function is a holomorphic bijection from
Pz onto Y=, it follows from (3.3) and the definition of the matrix norms
on A and B (see (2.2)) that if v is completely bounded, then u, 4 is
completely bounded as well, with ||u| Alles < [lvller. However Ag has
codimension 2 in A hence the complete boundednes of U A, implies
that of u on A.

We now come to the heart of the proof, which consists in showing
that for an operator B whose spectrum is included in P_g, the condition
(3.2) implies (3.4). That (3.2) implies the boundedness of v is a re-
cent result of Crouzeix and Delyon ([5]) and our proof of the complete
boundedness of v will essentially be a repetition of their arguments,
up to some adequate matrix norm manipulations. Before embarking
into computations, we notice that (3.2) is equivalent to the following
real /imaginary parts decomposition for B:

(3.5) B=C+iD, with C=C* D=D" |D| gg.

In this decomposition, C' is a possibly unbounded self-adjoint operator
with D(C') = D(B). Let (E(s))s be the resolution of the identity for
C and for any integer m > 1, let

Cpn = / sdE(s) and B, =C, +1iD.
(=m,m)
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Then (), is a bounded self-adjoint operator hence B,, is a bounded
operator whose numerical range lies in Pz. Moreover for any A ¢ Ps,
we have

(3.6) (A= B,)' — (A= B)™! strongly.

Indeed, (A — B,,) ' = (A= B)™' = (A= B,,) "1 (C,, —C)(A\ = B)™!, we
have C,§ — C¢ for any £ € D(B) = D(C), and since the operators
5 T 1By, are maximal accretive, we have a uniform estimate

(3.7) (A = B) M| < d(X, Px), m > 1.

Next, by Lebesgue’s Theorem, it follows from (3.6) and (3.7) that
g(Bn) — g(B) strongly for any g € B. Thus for any n > 1 and
any [g;r] € M,(B), we have

lg;x(B)]]| < lim sup | lgx(Ba)]||

To prove the complete boundedness of v, it therefore suffices to prove
that the mappings g — ¢(B,,) are uniformly completely bounded. To
achieve this goal we shall now assume that B is bounded and shall
prove that

2
— + 2.

(38) ||v”cb < \/g

Let v € (3,0) be an arbitrary intermediate angle. Then according
to [5, (5)] (and its proof), we may write

v(g) = 9(B) = v{(g) +v3(9)
for any g € B = H§°(Fp), with

U’ly(g) = QL’/TZ/_ Oog(!lf)((l’ + 2’)/2 — B*)_l _ ($ _ 2,}/2 . B*)—l) dl‘;
B0 = 50 [ aN(O-B) =R B) )i

Moreover it is easy to check that for any x € R, one has
(x+2yi— B*) ' — (v —2vi— B*)"!
= —4yi(z + 2vi — B*) ' (z — 2yi — B*)™*
— —dryi (M(z) —iN(z)) ",
where M (z) and N(x) are self-adjoint operators defined by
M(z)=(x—-C)*~D*+4y* and N(z)=CD+ DC —2zD.
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(The boundedness of C' allows this real/imaginary parts decomposi-
tion.) It follows from (3.5) that

(3.9) M(z) > (x — C)2 + 3(%)2.

1

In particular, M (x) is invertible and with Q(z) = M (x) 2N (z)M (z)~
we may write

=

’

(z+2vi—B*) ' —(2—2vyi—B*) ™' = —4~i M(:L‘)_% (1—@'@(35))71]\4(37)_%.

Let n > 1 be an integer and let [g;x] be an element of M, (B) with
norm < 1. According to (2.2), this simply means that

(3.10) 1[gxM]][ . <1, A€ Px.
We let &,...,&,, n1,...,n, be arbitrary elements of H. Then

Z (07 (g58)Er> 1)

jk=1

n o +o0o 1 -1 1
=3 () [ ol (M) (1 QM) M(a) Hn) do
jk=1 o

- (=) /: Z 0(@){ (1~ iQ(e)) " M(x) ™3¢, M(x) 3} da

Applying (2.3) and (3.10), we obtain that

n

Z (0] (g51)&k: ;)

jk=1

<7 :O(ZHO - i) " aryHel) (S 6 b ) e

Since Q(z) is self-adjoint, the operator (1 — iQ(m))_l is a contraction
for any x € R hence applying Cauchy-Schwarz, we finally obtain that

n

> (01 (gim)6rsm5)

jk=1

<25 [ Tiprerteltar) (5[ el ar)
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Now observe that for any & € H, we have

[ [ o e g

o0

<[ ((e-oresG) e

—00

by (3.9). Moreover using the spectral representation of C' we see that
the latter integral is equal to

oo g 2 2
S = 2112,
/_oo 22 +3(%)° ! \/§”£H

Combining with the previous estimate, this yields

g;%ﬂgwmﬂ%gﬂmﬂ?

n

> 7 (k) ;)

Jk=1

In view of the definition of matrix norms on B(H) (see (2.1)), we deduce

4y

(3.11) MW@mHSM@

We now turn to an estimate for vy. We rewrite the definition of the
latter mapping as

@@zAgWﬂMWL

y

where T'(A) is equal to 55~ ((A— B)™' — (A= B*)7!) if Im(\) = —v and
is equal to its opposite if Im(A) = . The key point is that T'(\) is a
nonnegative operator for any A € A,. Indeed assume for example that

Im(A\) = —v. Then

(=B - (B
1

21

= (- B+ D) - B,

(A= B) ' (2iy+ B - B*)(A\— B*)!
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which is nonnegative by (3.5). Then arguing as above, we obtain that
for any vectors &1,...,&,, and ny,...,n, € H, we have

;1<v2(g]k>§kan]> < Sup{Hg]k M| (Z/ |7 (A ka |d/\|)
X (Z/AVHT()\)%”QICZA\)Q.

Now observe that since B is bounded the function X — (A—=B)~"'— (A—
B*)~!is integrable on A, and that ;- fA (A=B)'—(A\=B*)"td\x =2

by Cauchy’s Theorem. Hence for any ¢ € H, we have
2 1 _ — N
J T an = o [ (0 -B) =G-8 g6 an =2l
A’Y T A"/
Combining with the above estimate, we obtain that

143 ol < 2 sup { g5 (NI -

Jim (f”g{“gyk H}) - sup{ngk NI} <1

we finally deduce that

ool < it {167 (o)) + 03 (o30)]]|} <

Since

+ 2,

Sl

which concludes our proof of (3.8).

Remark 3.1. Two results analogous to the one in [5] appear in [6]
and [4]. On the one hand, it is shown in [6] that if Q@ C C is bounded
and convex and if B is a bounded operator on H whose numerical
range lies in §2, then the analytic functional calculus associated to B
is bounded with respect to the norm induced by Cy(2). On the other
hand, it is shown in [4] that if A is an w-accretive operator on H, then
its analytic functional calculus is bounded with respect to the norm
induced by C3(3,). In the two cases, it it actually possible to show
that these bounded functional calculi are completely bounded. If we
apply Paulsen’s Theorem to the functional calculus considered in [4]
(sectorial case), we recover Corollary 1.2.
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JACOBIANS ON LIPSCHITZ DOMAINS OF R?

ZENGJIAN LOU

Dedicated to Professor Alan M¢Intosh
on the occasion of his 60" birthday

ABSTRACT. In this note we prove estimates of Jacobian determi-
nants of Du on strongly Lipschitz domains © in R?. The theorem
consists of two parts: one is an estimate in terms of the BMO,.(Q)
norm for u in the Sobolev space W12(), R?) with boundary zero,
and another is an estimate in terms of the BMO,(2) norm for u
in W12(Q,R?) with no boundary conditions.

1. INTRODUCTION

Jacobian determinant estimates were first studied by Miiller in [Mu].
In [CLMS], Coifman, Lions, Meyer and Semmes’ Theorems II.1 and
II1.2 imply that for b € L} (R?), sup, [z. b det Du dx is equiva-

loc

lent to the BMO(R?) norm of b, where det Du(z) = (%), the

oxy,
supremum is taken over all u in the Sobolev space W12(R? R?) with

|| Dui|| L2(r2,r2y < 1. The aim of this note is to consider an extension of
this result to domains in R?. As a main result (Theorem 2.1), we give
estimates of sup, [, b det Du dx when € is a strongly Lipschitz domain
of R?, where the superemum is taken over all v in the Sobolev space
W12(Q,R?) or W,*(Q,R?) (the closure of C5°(Q,R?) in W?(Q,R?))
with |‘DuiHL2(Q7R2) < 1.

In the sequel, €2 will denote a strongly Lipschitz domain - an as-
sumption which is enough to ensure

(1) the existence of a bounded extension map from W'?(Q, R?) to
WH2(R?, R?), and

(2) the existence of a bounded extension map from BMO,(2) to
BMO(R?), where BMO,.(Q2) is the space of locally integrable functions
with

| fllBamo, @) = glélg)z <ﬁ /Q |f(z) = fol dx) < 00,

1991 Mathematics Subject Classification. Primary 42B30. Secondary 35J45.
Key words and phrases. Jacobian determinant, Lipschitz domain, BMO,(Q),
BMO, (), coercivity.
96
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here fo = ﬁ /. 0 f(x) dx, the supremum is taken over all cubes @ in
the domain €.

In [CKS], two Hardy spaces are defined on bounded domains §2, one
which is reasonably speaking the largest, and the other which in a
sense is the smallest. The largest, H}(Q), arises by restricting to
arbitrary elements of H!(R?). The other, H1(2), arises by restricting
to  elements of H*(R?) which are zero outside Q. Norms on these
spaces are defined as following

[l = i |7 g2,

the infimum being taken over all the functions F' € H!(R?) such that
F|Q = fa
[fl17) = 1F ]l @2,
where F is the zero extension of f to R2.
From [C], the dual of H.(Q2) is BMO,(Q) and the dual of H}(Q) is
BMO.(f2), where BMO.(f) is the space of all functions in BMO(R?)
supported in €2, equipped with the norm || f| zro. ) = || fllBrmow)-

2. THE MAIN THEOREM AND ITS PROOF

In [CLMS, Theorems II.1 and III.2], among other results, Coifman,
Lions, Meyer and Semmes established the following:

(A) If u € WH(R?,R?) then det Du belongs to the Hardy space
H(R?) and

2
Idet Dulyo g2y < C [ I1Dws| r2r2,re) (2.1)

=1

for some absolute constants C.

(B) b e L2, (R?)

loc

10l Bamror2) ~ Sup/ bE-F dx, (2.2)
EF Jr2
where the supremum is taken over all £, F' € L*(R? R?) with div E =
curl ' =0 and HE||L2(R2,R2)7 ||F||L2(R2,]R2) <1
We will see that (A) and (B) yield the following equivalence

HbHBMO(]Rz) ~ SUP/

b det Du dz, (2.3)
R2

where the supremum is taken over all u = (uy, uy) € W12?(R?, R?) with
||Dui||L2(R2,R2) S 1, 1= ]_, 2.
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Suppose that F and F satisfy the conditions of (B). From Theorems
2.9 and 3.1 in [GR], there exist ¢, ¥ € W'?(R?) such that

_ _(9¢ Oy
E—Curlw—(axQ, 3:61)
and P

Define u = (¢,¢). Then u € W'?(R? R?) with || Du;||r2r2r2) < 1,
1=1, 2, and

det Du = —FE - F.
Thus (2.2) implies that

/ b det Du dzx|.
RQ

Conversely, applying (2.1) and the duality H'(R?*)* = BMO(R?), we
have

6]l Brrom@2y < C'sup

f]R2 b det Du dx < C”bHBMo(RZ)Hdet Du||H1(R2)
2
< O|bl| arow2) H | D || L2 (r2 R2)
i=1
< Cbl| Brmro?)
if ||DuiHL2(]R2,R2) S 1.
A natural question to ask is: under what conditions does (2.3) hold
on domains € of R?? As a main theorem of this note, we solve this
problem for strongly Lipschitz domains in R2.

Theorem 2.1. Let Q be a strongly Lipschitz domain in R?.
(1) If b€ BMO,(RY), then we have equvalence

16l Bro. @) ~ sup/ b det Du dz, (2.4)
uw Jo

the supremum being taken over all u = (uy,us) € WH(Q,R?) with
HDui||L2(Q,R2) S 1, 1= 1, 2.
(2) If b € BMO,(?), then

16l maron ~ Sup/ b det Du du. (2.5)
u Q

the supremum being taken over all u = (uy,us) € Wy*(Q,R?) with
HDuiHLQ(Q,RQ) S 17 1= 1, 2.

The implicit constants in (2.4) and (2.5) depend only on the domain
Q.
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To prove Theorem 2.1, we need the following Lemmas 2.2 - 2.4. The
proof of Lemma 2.2 is given at the end of this section. Lemma 2.3 is
the two-dimensional case of Theorem 3.1 in Section 3. Lemma 2.4 is a
special case of an extension theorem by Jones in [J, Theorem 1]. We
also need the the following seminorm defined in [Z]

1
b :sup(—/ b—b dx),

where the supremum is taken over all cubes @) with 2Q) C €.

Lemma 2.2. Let 2 be an open domain in R?. For b € L% ()

loc

10l Baror @) < Csup/ b det Du dx
uw Jo

for a constant C independent of b, the supremum being taken over all
u = (Ul,U2> S W()Lz(Q,RQ) with HDuiHLQ(Q,RQ) < 1, 1= 1, 2.

Lemma 2.3. Let Q C R? be a strongly Lipschitz domain and let b be
a locally integrable function on ). Then

10l Byo,@) ~ 110l Baor )
where the implicit constants are independent of b.

Lemma 2.4. Let Q) be a strongly Lipschitz domain in R? and let b €
BMO,(Q). Then there exists B € BMO(R?) such that

Bla =0
and

| Bllsrmomzy < C||bl| Baro, )

for some constants C' independent of B and b.

Proof of Theorem 2.1. (1) Suppose b € BMO,(f2). Define
B b %n Q;
0 inR?\Q.
By the definition of BMO,(2), B € BMO(R?) and

1Bl sro®2) = [|b]l Brpo. @)- (2.6)

Since 2 is a bounded strongly Lipschitz domain, u € W2?(Q, R?) can
be extended to U € W2(R? R?) with

”DUi”Lz(Rz’Rz) S C||DuiHL2(Q,R2)7 (27)
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where the constant C' depends only on the Lipschitz constant of € (see,
for example, Proposition 4.12 in [HLMZ]). Therefore (2.6), (2.7) and
(2.1) give

/bdetDuda::/ B det DU dx
0

R2
é HB“BMo(RQ)”det DU”Hl(RQ)

2
= C“bHBMOz(Q) H ||DUi||L2(R2,R2)
=1
2

< Cb]| Bro. H | D || L2 (0,r2)

i=1
< C|\bll Bmo. )

if [[Du;l|z2(r2) < 1, where C' depends only on the domain €2.

We now prove the converse. Let b € BMO,(2) and define B as
above. Suppose U € W*(R? R?) and ||DU;||2ger2) < 1. Let u =
Ulq, then || Du;|| 2@ r2) < 1. So (2.3) and (2.6) yield

1]l aro. ) = I Bl Baroce?)

<C sup / B det DU dx
R2

UeW1l.2(R2,R?),||DU;| ;2<1

— C sup / b det Du dx
u=Ulq,UeEW12(R2,R2),||[DU|| ;2<1 JQ

<C sup / b det Du dz.
Q

T ueWL2(QR2),| Dyl 2 <1

(2) Let B € BMO(R?) is an extension of b € BMO,(Q). For u €
Wy?(Q,R?), define

u in €
U= ’
{0 in R?\ Q.
Then U € W?(R?,R?) with

||U||W1v2(R2,R2) = ||UHW1,2(Q’R2).
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By duality H!(R?)* = BMO(R?), (2.1) and Lemma 2.4, we have

/bdetDudx:/ B det DU dx
Q R2
= || Bl smogs) ||det DU |3 g2y

2
< O Baro, ) H | DU || L2 (r2 R2)

=1

2
= Cbllsaro, @ [ [ 1Dl 20,22

i=1
< Cllbllsmo.

for all u € Wy*(Q,R?) with | Dui|| r2or2y < 1, @ = 1,2, where the

constant C' depends only on the domain (2.

The proof of the reversed inequality in (2.5) follows from Lemmas
2.2 and 2.3. Theorem 2.1 is proved. l

We now prove Lemma 2.2, its proof uses the following result of Necas
[N, Lemma 7.1, Chapter 3].

Lemma 2.5. Let Q be a bounded strongly Lipschitz domain in RYN.
Then the divergence operator is a (continuous) map from W, (9, RN)
onto L§(Q) = {f € L*(Q) : [,f dz = 0}. That is, there exists a
constant C' depending only on the domain €1 and the dimension N
such that for any f € L3(Q), there exists ¢ € Wy*(Q,RN) such that

f=dive
and
Dol r2rmy < Ol fllz2@)-
Proof of Lemma 2.2. Suppose b € L2 (©2). We will show that there

loc
exists u = (up,uz) € W(}’Q(Q,R2) with || Du; || r2@re) < 1fori =1, 2,
and supp (det Du) C @ such that for all cubes @ with 2Q C Q,

1 1/2
(—/ b — bol? das) gC‘/bdet Du dz|, (2.8)
1Ql Jq Q

where by = ﬁ /. Q b dx, C' is a constant independent of @), b and wu.
Let h = b—bg, then h € L*(Q) with [, h dz = 0. Using Lemma 2.5

with Q = Q, there exists ¢ = (¢1, p2) € Wy (Q,R?) and an absolute
constant Cy such that

h =div ¢
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and
Dol 22y < Collhllz2(q)- (2.9)
So

1h]|72(0) = / h div ¢ dx

64,01 /
dz +
/ 3I2
§2max‘/h i dx‘
1<i<2 :
— 2‘/ a(plo d
Ox;,
for some choice of iy (ip = 1 or 2).
Assuming without loss of generality that io = 1 in (2.10). To prove
(2.8), we need only to show that there exists u € W,?(Q,R?) with

conditions stated above and a constant C' (independent of @, ¢ and )
such that

— 8901
hlhL —dx’<(] 1/2
|| bl 52t aa] < clc

(2.10)

/ h det Du dx|. (2.11)
Q

Set u; = m. It is obvious that u; € W,(Q) and | D || 20 r2)
<1 by (2.9).
Let 1y € Cg°(R?) such that
1 on[-1,1)%
Yo = . )
0 outside [—2, 2]*.
Define

= 1ColQ| ™2 (w2 — x3)to (@),

where ¢g(x) = 1 (%), 2% = (29, 29) denotes the center of the cube

Q, v > 0 is a normalization constant (independent of z° and 1(Q)) so
that || Dugl| 222y < 1. It is obvious that uy € C§°(2Q).
Let u = (uy, us). By a simple computation, we get
8g01

et Du=(Q g 5 i Q.

So (2.11) follows. Lemma 2.2 is proved. O
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3. THE EQUIVALENCE OF Two BMQO SEMINORMS

In [Z) Zhang asked if the two seminorms ||b]| gaso, (@) and ||b]| garon o)
are equivalent under suitable conditions on domains Q in RY. The
following theorem gives a positive answer. No smoothness conditions
are needed on the domains. In addition, we will see that the equivalence
of ||b]l mo, ) and ||b]| parom () implies that H1(2) can be decomposed
into a sum of atoms with supports away from boundaries of the domains
(Proposition 3.2).

Theorem 3.1. Let Q C RN (N > 2) be a strongly Lipschitz domain
and let b be a locally integrable function on 2. Then

||b||BMOT(Q) ~ ||b||BMOH(Q)7

where the implicit constants are independent of the function b.
Proof. It is obvious that ||b]| garon ) < [|b]|Brmo, (@) Now we prove
||b||BMOT(Q) < C||b||BMOH(Q)~

We will only give the proof for the case of RY for N = 2 using ideas
of Jones [J]. The case for RY (N # 2) is similar. In fact, from Jones’
extension theorem [J, Theorem 1] we need only to prove that there
exists a constant C' independent of ) and b such that for all cubes
Q Cq,

1
o /Q b bo| dz < Cllbllsaron . (3.1)

Let E = {Qx} be the dyadic Whitney decomposition of @, then
Q = Uk Qk and

QNQL=10, j#k (3.2)
d(Qr, Q°) /2,
1§W§4-212, (3.3)
1 UQy) :
1< Z(Qi) <4 if Q;NQr#D (3.4)

(see, for example, Stein’s book [S1, page 167] for more information on
Whitney decompositions). For m = 1,2, ..., let

Am:{erzz—mg%<2—mﬂ}

and
Fo={Q; € E:Q;NAp # 0}

To prove (3.1), we need the following two claims:
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Claim (A).
> 1@, <40-27mQ|

QjEFm
forallm=1,2,....

Claim (B). If b € BMO"(Q), then
bg; — bao| < Cm||bllparor )

for all Q; € F,, m = 1,2,..., where Qg be the Whitney cube that
contains the center of Q and C' is a constant independent of b and Q);.

We shall give the proofs of these claims later on and we first prove
(3.1) admitting them. Since Q; € E, j = 1,2, ..., it is obvious that

1
1Q;1 /Q |b—bq,| dx < |[bllpryon ) (3.5)

By (3.5), Claims (A) and (B), we have

7l
— [ [b—bg,| dz < — bg,| dx
QI Jo" ¢ Z 2 \@! o 1l

m=1Q;€Fn
Q 1
=3 5 B (g, vl + o [ 1ty
m=1Q;€Fn IJQ;
< —Q (Cmlbll sy + [bllaror)
Q
m=1Q;cFn,

< Z 40 - 27™(Cm + 1)[|b]| pron )

m=1

<C||bl| saror -

Therefore

1 / 1
— \b—b\dxg—/(\b—b |+ lboy — bol) do
|Q| o Q |Q| o Qo Qo Q
1
§|bczo—b@|+|Q—|/\b—bQo!dﬂf

b— bo,| dz
!QI/' @

< Cllbll sron g)-
This gives (3.1). O
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The proof of claims (A) was given in [J, page 47 (3.8)]. To prove
Claim (B) we need the following

Claim (C). Ifb € BMO®(Q) and Q;, Q. € E have touching edges
for j # k, then

|ij - ka| < CHbHBMOH(Q)
for an absolute constant C'.

Proof. Suppose that ); and @), touch and satisfy (3.4). Dividing (3.4)
into two cases, case (a):

1 Q)
150Q0 = 30
and case (b):
1(Qj)
1<Z(Q)§4. (3.7)

For case (a), constructing cubes R;, Ry and Rj;, such that

1) Rj C Qj, Ry C Qx, Z(RJ) = %Z(Q]), Z(Rk) = %Z(Qk) and Rj,Rk
touch;

2) Rj, R, C Rjk, Z(R]k) = Z(R]) + Z(Rk),

3) U(Rjk) < d(Rjy, Q°).
Since Q);, Qr € E touch and Q; N Qr = 0, it is easy to find cubes
R;, R, and Rjj, satisfying 1) and 2). In order for the cube Rjj; to
satisfy 3) we need only to choose Rjj such that d(Q;, Q°) < d(Rjx, Q°)
and d(Qg, Q°) < d(Rjk, Q°). Therefore

(R = 51(Q)) + 31(Q)

1 Cc 1 C
< 5 (d(Q; Q) + d(@Qw Q)

From 1) and (3.5) we have

1
\ij—bQA—m]/Rj(b—ij) o

4
<= | -ty da (3.8)
|QJ| Qj
< 4|[bl| Baror (-
Similarly we get

|bRk - ka| < 4HbHBMOH(Q)‘ (39)
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By (3.6), 1) and 2) we know that
0Q;) | UQk)
l Rj = — s
W) = =57+ (3.10)
I(Q;) = 5I(R;)

<

DO Ot

and

oy U
[(Fsn) = = 2 (3.11)
< 1(Qr) = 2l(Rx).
Note that Rj;, C Q and [(R;i,) < d(Rjx, Q2°). Then (3.10) yields

Q) | Q)

1
]ij—ij]:—/(b—ij)d:c
R R, *
2 (3.12)
< b b, | de
[Rjk| Jr,, *

< 256l Baron (-
By (3.11), similar to (3.12) we have
bR, — br;, | < 410l Brrom (@) (3.13)
Combining (3.8), (3.9), (3.12) and (3.13) we get
|ij - ka‘ < ’ij - ij| + ’ij - ijk’ + ’ijk - bRk‘ + ‘bRk - ka|
< 37/[b]| paron @)
for all Q;, Qy satistying (3.6).
For case (b), repeat the process above we obtain
bg, — ba, | < 37[[bll Bron (o)
for all Q;, Qy, satisfying (3.7).
Therefore for all Q;, Qr € E (j # k) have touching edges
bg; — ba.| < 37/[bll Bror )
This proves Claim C. U

Proof of Claim (B). The proof is similar to the argument in [J]. Let
r; € Q; € F,, xg be the center of the cube ). Then (3.3) and
(3.4) show that there are at most 50 cubes Q) € F,, intersect the line
segment 7,75 and at most m sets A;, ¢ = 1,2,...,m, intersect T;zg.
So from Claim (C), we have

bg; — bq,| < Cml|b]|prron ()

Claim (B) is proved. The proof of Theorem 3.1 is finished completely.
O
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Remark. It should be added that at the time Theorem 3.1 was fin-
ished, the author was unfortunately unaware of a similar work in [RR]
(with a different proof). Thanks go to P. Schvartsman (Department
of Mathematics, Techion, 3200 Haifa, Israel) for pointing this out to
him. In addition, Auscher and Russ also proved Theorem 3.1 by using
duality [AR, Theorem 6.

We know that any f in H!(Q) has a decomposition (see [CKS], [C]
and [JSW] for bounded domains, [AR] for unbounded domains)

f= Z Akay,
k=0

with Y, [Ak] < C|fll#2), where the ai’s are H1(Q)-atoms: there
exist cubes @y C € such that supp ap C Q, ka ar dr = 0 and
lar] 20, < |Qk|7"% In the following proposition we prove that the
supports of these atoms can be away from the boundary of {2 by using
Theorem 3.1. Let H1,,,(€2) denote the space of f € H1(2) which can

be decomposed into a sum of H!(Q)-atoms supported in cubes @ with
2Q C Q.

Proposition 3.2. For a strongly Lipschitz domain Q in RY
HL(Q) = HL,,,(Q).

z,2at

Proof. Obviously we have that H.,,(Q) C HL(€2). So to prove the
proposition we only need to show that H.,,(Q)* C BMO,(Q) =
BMOM™(Q) :={f : || fllpmor @) < co}. Suppose that L is a bounded
linear functional on H. ,,,(€2). Follow the lines of the proof of Theorem
1 in [S2, Chapter IV] or Theorem 2.5 in [GHL], we see that there exists
a function g € BM O (Q) such that

L) = [ f@)gte) do
Q
for all f € H,,,(Q). The proof is finished. O

4. AN APPLICATION

In this section we give an application of Theorem 3.1 which improves
a coercivity result by Zhang. In [Z], Zhang studied the coercivity of
strongly elliptic quadratic forms with measurable coefficients, defined
on a bounded domain €2 in R? with Lipschitz boundary,
y ou® ou?
a(u,Q) = | A7 ;(x — dx, ue W,;?(Q,R?),
O e T (0, R)




108 ZENGJIAN LOU

where Ag 5 € L>(Q) and satisfy Legendre-Hadamard condition
AY J(@)alan'n’ > cléPInl.
From [M], AZQPO’;PE can be written in the form
AY ,PLP} = BY ,PLP} + b(x) det P, (4.1)

where P € M*?, the set of real-valued 2 x 2 matrices, BY ; € L>(()
and satisfying
C1|P|> < BY j(z)PLP} < Co| PP, (4.2)
for constants C, Cy > 0.
As one of the main results in [Z], the following theorem was proved by
Zhang which establishes the necessary condition such that a(u, ) > 0.

Theorem 4.1. Suppose that Q C R? is a strongly Lipschitz domain,
Agﬁ : Q — R? 4s measurable for 1 < i, j,a, 8 < 2, such that (4.1) holds,
where b € BMO,(Q2) and ijﬁ are measurable functions satisfying (4.2)
for constants 0 < Cy < Cy. Then there exists a constant C3 depending
only on Cy such that a(u,Q) > 0 for all u € Wy *(Q,R?) implies that
16l Brrom ) < Cs.

Theorem 4.1 tells us that if a(u, Q) > 0 for all u € W,?(Q,R?),
then ||b]| gpon ) < C, that is, ||b]| avo, @) < C by Theorem 3.1. From
the Remark in [Z, page 426], if ||b]|srmo, ) is sufficient small, then
a(u,2) > 0. We see that ||b|| o, ) < C is “almost” a necessary and
sufficient condition of a(u, Q) > 0 for all u € W, *(Q, R?).
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DIVERGENT SUMS OF SPHERICAL HARMONICS
CHRISTOPHER MEANEY

ABSTRACT. We combine the Cantor-Lebesgue Theorem and Uni-
form Boundedness Principle to prove a divergence result for Cesaro
and Bochner-Riesz means of spherical harmonic expansions.

1. BACKGROUND

Fix an integer d > 1 and consider the unit sphere S¢ in Rt
equipped with normalized rotation-invariant measure. For each n > 0
let 'H,, denote the space of spherical harmonics of degree n restricted to
S4 so that L?(S9) = @22 H,,. See [22, Section 4.2] for details. Every
distribution v on S has a spherical harmonic expansion

(1) ZYn(w)(x), Vo € S where Y, (¢) € H,, Vn >0.
n=0

This is the expansion of 9 in eigenfunctions of the Laplace-Beltrami
operator on S It is known [14] that if 1 < p < 2 then there is an
1 € LP(S?) for which (1) diverges almost everywhere. That leaves open
the general behaviour of spherical harmonic expansions for elements of
L*(S%). A partial step in this direction follows from the localization
principle [18].

Theorem 1.1 (Localization). Suppose 1 is a distribution on S¢ and
U c S% is an open set disjoint from the support of ¥. For each x € U,
the expansion Y > Y, (¥)(x) converges if and only if Y, (¢)(x) — 0 as
n — oo.

Corollary 1.2. If¢ € L*(S?%) and U C S is an open set on which 1 is
zero almost everywhere, then the expansion Y~ Y, (1)(x) converges
to zero almost everywhere on U.

There are special cases where a function ¢ € L?(S%) can be guar-
anteed to have an almost everywhere convergent spherical harmonic
expansion, if ¢ is in an L?- Sobolev space W?* of positive index s [16]
or if it is zonal [1]. (Recall that a function f on S¢ is said to be zonal
about a point y € S% when f(z) depends only on x -y for all x € S9.)

Date: 16 January 2002.
1991 Mathematics Subject Classification. 42C05,33C45,42C10.
Key words and phrases. Jacobi polynomial, zonal function, Cesaro mean, Riesz
mean, Cantor-Lebesgue theorem, uniform boundedness.
110
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Carleson’s theorem [3] has been extended to zonal functions [11]. Let

p. be the critical index
2d

T d+1
Theorem 1.3. If p. < p < 2 and f € LP(S?) is zonal about a point

y € S?, then its spherical harmonic expansion is convergent almost
everywhere.

Pe

Corollary 1.4. Suppose ¢ € L?(S%), U C S? is an open set, f, €
Usao W24(S9), fo € L*(S?) is a finite sum of zonal functions, and
Y = f1 + fo almost everywhere on U. Then Y~ Y, (¢¥)(x) converges
almost everywhere on U.

The two corollaries 1.2 and 1.4 would be rendered trivial if there
where a higher dimensional version of Carleson’s theorem.

They do suggest that when considering convergence of expansions,
we should examine the term-wise behaviour away from the support of
a distribution.

In the early 1980’s we showed [17] that Theorem 1.3 is sharp and
that localization fails at the critical index.

Theorem 1.5. For eachy € S¢ and 1 < p < p, there is a ¢ € LP(S?),
supported in the hemisphere {x : -y > 0} whose spherical harmonic
expansion diverges almost everywhere.

This was proved by a combination of the Cantor-Lebesgue theorem,
knowledge of the L -norms of the zonal spherical functions, and the
uniform boundedness principle. Kanjin [13] showed that these methods
could be combined with a result of Hardy and Riesz [12] to deal with
Riesz means for radial functions on Euclidean space. This approach was
also used in [20] for Riesz means of radial functions on non-compact
rank one symmetric spaces.

Here we prove a similar result for Cesaro and Riesz means of spherical
harmonic expansions of zonal functions. This shows the sharpness of
the results in [4]. See [2, 7] for earlier work on Cesaro means of spherical
harmonic expansions. See [21, 5] for results in a more general setting,.

2. CESARO & RIESZ MEANS

2.1. Cesaro means. The Cesaro means [24, pages 76-77] of order &
of the expansion (1) are defined by

N
A
(2) o (x) = AV(];V Y,(¥)(z), VYN>0z€S8
n=0
J
where A° = <n o). Theorem 3.1.22 in [24] says that if the Cesaro
n

means converge, then the terms of the series have controlled growth.
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Lemma 2.1. Suppose that A}im o\ (x) exists for some x € X and
0 > —1. Then
Yy () ()] < Cs N° max |oou(z)], Vn > 0.

0<n<N

2.2. Riesz means. Hardy and Riesz [12] had proved a similar result
for Riesz means. Recall that the Riesz means of order § > 0 are defined
for each » > 0 by

(3) Sp(x) = > (1—5)6Yn<w><x>-

r
0<n<r

Theorem 21 of [12] tells us how the convergence of S21(x) controls the
size of the partial sums S%(x).

Lemma 2.2. Suppose that ¢ is a distribution on the sphere for which
there is some § > 0 and x € X at which its Riesz means So(x)
converges to ¢ as r — oo then

|Shb(z) — ¢ < As r°  sup ‘wa(a:)| :

0<t<r+1

Note that this implies
Ya(¢)(z) = O(n)

and we have the same growth estimates as in Lemma 2.1.

Gergen[9] wrote formulae relating the Riesz and Cesaro means of
order 6 > 0, from which it follows that the two methods of summation
are equivalent.

3. ZONAL FUNCTIONS AND JACOBI POLYNOMIALS

3.1. Notation. Suppose that f is a function on S with f(z) depend-
ing only on z-y, for a fixed y € S% so that f(z) = fo(x -y). The
spherical harmonic expansion of f is

o0

(4) S ealfo)oy "B (- y)

n=0

where o = (d — 2)/2, P\ is the Jacobi polynomial of degree n and
index (a, a),

1
hn :/ [P )] (1= 2)* dt,

1
and the coefficients are

cn(fo) = /_11 Fo(t) Pl (t) (1- tz)a dt, Yn>0.

See section 4.7 of Szegé’s book [23] for details about these special func-
tions. Let m, be the measure on [—1, 1] given by

dmg(t) = (1 — %) dt,
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so that {P\*® :n > 0} is a orthogonal basis of L2(m,). From (4.3.3)
in [23] we know that the normalization constants h,, satisfy
(5) ho~ An~tasn — oo
3.2. Uniform Boundedness. Suppose there is a number 1 < ¢ < 0o
and some positive number A with
P | La(may > en, Vn > 1.

The formation of the coefficient

F ¢, (F) = /_ 1 F(t) P () dmy (t)

n
1

is then a bounded linear functional on the dual of L?(m,) with norm
bounded below by a constant multiple of n4. The uniform boundedness
principle implies that for p conjugate to ¢ and each 0 < ¢ < A there is
an F' € LP(m,) so that

(6) cn(F)/n® — oo as n — 0.

3.3. Cantor-Lebesgue Theorem. This idea is explained in [19] and
is based on [24, Section IX.1]. Suppose we have a sequence of functions
F,, on an interval in the real line with the asymptotic property

F.(0) = ¢, (cos(Mp0 + ) +0(1)) , Vn >0

uniformly on a set F of finite positive measure, and with M,, — oo as
n — oo. Integrating |F,|? over E gives

/E|Fn(0)|2d€: o2 ([ECOSZ(Mneﬂn)dwoa))

2 4

The Riemann-Lebesgue Theorem [24, Thm. I1.4.4] says that the Fourier
transforms xg(£2M,,) — 0 as M,, — oo. If we know that there is some
function G for which |F,()| < G(n) uniformly on E for all n then
there is an ng > 0 for which

E
u|cn|2 < / |Fn(0)|2d0 < G(n)2|E|, Vn > ng.
E

E 62i’Yn o 6_2i'}/n -
— ‘Cn|2 (u + Xe(2M,) + 1 Xe(—2M,) + o(l)) )

4
This shows that |c,| < 2G(n) for all n > ny.

3.4. Asymptotics. Theorem 8.21.8 in Szegd’s book[23] gives the fol-

lowing asymptotic behaviour for the Jacobi polynomials P\**. For
a>—1/2 and £ > 0 the following estimate holds uniformly for all
e<f<m—ecandn>1.

() P cos) = 0 2k(6) cos (M + ) + O (n~?).

Here k(6) = 72 (sin(8)/2) %, M, =n+ (2a+1)/2, and v =
—(a+1/2)m/2.
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From Egoroft’s theorem and Lemma 2.1 we can say that if the series
(4) is Cesaro summable of order § on a set of positive measure in S¢
then there is a set of positive measure E C [0, 7] on which

‘Cn(f0>h;1P,§a’a) (COS 0)‘ S An5

and hence

(8) |cn(fo)n'/P70 (cos (M0 +7) + O(n1))| < A
uniformly for § € E. The argument of subsection 3.3 shows that
(9) ‘Cn(fo)n(l/m*g‘ <A, Vn > 1.

Lemma 3.1. If f is a zonal function on the unit sphere whose spherical
harmonic expansion is Cesaro summable of order d on a set of positive
measure, then there is a constant A > 0 for which

len(fo)] < An®~W2 0y > 1.

3.5. Norm Estimates. Markett[15] has calculated estimates on the
L? norms of Jacobi polynomials. Let

A a+1) 2d
©“=H50x1 d-1

Equation (2.2) in [15] gives the following lower bounds on these norms.

Lemma 3.2. For real number a > —1/2, 1 < ¢ < o0, and r > —1/q,

1/q n /2 if 4 < ge,
( / [P @) (1 - 2)° dm) ~ 02 (logm) T if g =g,
na—(2o¢+2)/q qu > (..

Notice that these integrals are taken over [0,1] rather than all of
[—1,1].

4. MAIN RESULT
Theorem 4.1. For each 1 <p < p.=2d/(d+ 1),

1
<o 4L

P 2
and y € S¢, there is a function in LP(S?) which is zonal about y,
supported in the hemisphere {x : x -y > 0}, and whose spherical har-
monic expansion has Cesaro and Riesz means which diverge almost
everywhere.

Proof. Suppose that a series (4) has Cesaro means of order § which
converge on a set of positive measure. Then Lemma 3.1 implies that

(10) cn(fo) =0 (n‘s’(l/Q)) , asmn — oo.
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Compare this inequality with the last line of Lemma 3.2 and section

32. Ifg>q., (1/p) +(1/q) =1 and
q 2

then there must be a zonal function f € LP(S?) with fy supported on
[0, 1] for which the estimate (10) fails. Remembering the definition of
« in terms of the dimension d, we are considering

1 d-1 1
e _dl1==
’ 2% 2 ( p>

5<C_l_
p

which means

0

Remark 4.1. In [19] we applied this technique to produce an analogous
theorem for Laguerre expansions.

5. CENTRAL FUNCTION ON SU(2)

We conclude with a simple three dimensional example. Suppose
that G = SU(2) is equipped with the normalized translation invariant
measure ;4 and that 7' is the maximal torus of diagonal elements of G.

For cach ¢ € G = {k/2 : k € Z,k > 0} there is an irreducible unitary
representation of G with dimension 2¢ 4+ 1 and character

V(5 ) ™

Every central function on G is determined by its restriction to T'. The
Fourier series of central functions are expansions in the characters. If
f € LY(G, p) is central then

(11) FeS e
=0
with
(12) ¢ = /G f@)xe@ du(z),  veed.

In [8] and [10], Dooley, Giulini, Soardi, and Travaglini estimated the
Lebesgue norms of characters of compact Lie groups. The group SU(2)
provides the simplest case of these estimates. For each g > 3

(13) Ixell, > c(20+ 1)1, vl ed.
If 1/p+1/q =1 then

1_321_3<1_1):§_2.
q p p



116 CHRISTOPHER MEANEY

Uniform boundedness then says that if 1 <p < 3/2 and a < (3/p) — 2
then there is a central function f € LP(G) for which the coefficients in
(11) have

¢e/(20 4+ 1)* unbounded as ¢ — oc.

Suppose that (11) is Cesaro summable of order § on a set of positive
measure. Then Lemma 2.1 says that

cosin (204 1)0) = O(£°) as £ — oo,

on a set of positive measure. The Cantor-Lebesgue Theorem then says
that

co = O() as { — oo.

Theorem 5.1. For 1 < p < 3/2 and 0 < § < (3/p) — 2 there is a
central function f € LP(SU(2)) for which the Cesaro and Riesz means
of order ¢ are divergent almost everywhere.

This shows the sharpness of results in Clerc’s paper [6].
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DERIVATION OF MONOGENIC FUNCTIONS AND
APPLICATIONS

T. QIAN

ABSTRACT. The paper studies two types of results on inducing
monogenic functions in RY. One is based on M¢°Intosh’s formula
and the other is along the line of Fueter’s Theorem. Applications
are summarized and a new application on monogenic sinc function
interpolation is introduced.

1. BACKGROUND
Denote by ej, es, ..., e, the basic elements that satisfy

2 .. . .
ei :—17eze] :—e]e,“ Z7j = 1727...,71, 7/<]

We will work on the following spaces:
R'={z=z1e1+ - zpe,:x; €Ri=1,... n},

P={z=x0+2:20 € R,z € R"}

R is the Clifford algebra generated by ei,e,,...,e, over the real
number field R;

C™ is the Clifford algebra generated by e, e, . .., e, over the complex
number field C.

We adopt the notation z € R™ (or C™) implies z = 3" z,e,, where
zs € R (or C), and s runs over all the possible ordered sets

s={0<j < <jr<n}, or s=10, and

e, =ej; €, € =ep=1

The functions we will study will be defined in subsets of R}, and
take their values in R(™ or C™.

11991 Mathematics Subject Classification. Primary: 42A50, 30G35; Secondary:
42B30, 30A05
2Key Words and Phrases: Dirac Operator, Monogenic Functions, Clifford Alge-
bra, Fourier Analysis.
3The study was supported by Research Grant of the University of Macau No.
RG024/00-01S/QT/FST.
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The Dirac operator D for functions in RY is defined by

0 0 0
D = Dy+ D, DOZ%,Q o7 ~—€ +- +%en'
0 1 n

It applies from the left- and right- hand sides to the function, in the
manners

Df = ZZafse esand fD = Zzafsesez,

respectively. If Df = 0, then f is said to be left-monogenic; and, if
fD =0, then right-monogenic. If f is both left- and right- monogenic,
then it is said to be monogenic.

Examples:

(1) The case n = 1 corresponds to the complex number field: e; =i,
D=2+ laaya (2) = u(z,y) + iv(z,y) and Df = 0 if and only if the
Cauchy—Rlemann equations hold:

8u_8v
dr Oy
av_ ou
or Oy

(2) The case n = 2 corresponds to the space of Hamilton quaternions:

f: elaj: 627E = €1€9,
q=qo+qi+qj+ak g eR.
Profound studies on Clifford analysis have been conducted since Fueter’s
school in the 1930’s till the present time (see, for instance, [Mal, [CS]
and [Q1] and their references).
(3) Let u;(x),j =0,1,...,n, be defined in R} with values in C. Set

U= —ug+ue +---+uye,
Then
DU =0

if and only if these functions form a conjugate harmonic system (or
satisfy the generalized Cauchy-Riemann equations, see [St] and [KQ1]):

Z 8u] —0
81'] N
6uk 8

— = 0<k<jg<
(’)xj 8J]k j -
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For monogenic functions there hold Cauchy’s Theorem and Cauchy’s

formula. The Cauchy kernel in the context is E(z) = Ix\%’ where for
T = x9 + x, we denote T = xg — x .. It is observed that the Clifford
structure of R} is the “true” analogue of the one complex variable

structure of Ri.

2. C-K EXTENSION AND MCINTOSH’S FORMULA

It can be proved that if we have a real analytic function defined in
an open set O of R", then we can always monogenically extend it to an
open set @ of R} where O = R"NQ (C-K extension, see, for instance
[BDS]). The extension can be realized by the operation e 2 f(z),
understood in the symbolic way. In fact, formally we have

D(e=™Lf(z)) = (Do + D)(e "L f(2))
= (=D)e ™2 f(z) + De "2 f(z) = 0.

Examples:
(1) If f(x) = z;, then

. 1 A
e " L(z;) = (1 + (—20D) + 5(—1:02)2 + )z = xi€0 — To€j = 25

(2) The extension of x;x;,7 # 7, is

1
5 (ZiZj + ZjZZ'),

etc.

In practice the C-K extension and the related forms are, in general,
complicated and not easy to use. On the contrary, M¢Intosh’s for-
mula, somehow plays the role of Fourier-Laplace transform in R}, has
been playing a crucial role in a number of questions in function theory
([LMcQ], [PQ], [Q4], [KQ1], [KQ2]). The formula first appeared in late
1980’s ([Mcl]) and formally published in [Mc2] and [LMcQ] in 1994.
The formula involves a set of notations: If f is defined in R™ with
Fourier transform, then the possible monogenic extension of f is given
by

A

L ’s formu
@) = oo /R O T (©ds, (MTntoshs formula),

provided that the integral on the right-hand-side is properly defined,
where

el,€) = (e, (©) + e ()},

x=() = %(1 + iéﬁ% r=x9+z, z,{€R"
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In [BDS] a wide range of similar notions are introduced. It is exactly
M¢Intosh’s form, however, that has been effectively used, especially in
problems related to Fourier transformation.

In the formulas for the projections x+, if we take n = 1 and e; = —i,
then we have

X=(§) = £sgné,
where ¢ = i€.

This indicates that the formula provides a decomposition of a func-
tion into functions similar to those in the Hardy spaces. Indeed, we
have,

flx) = [T(2) + [ (2),
where
I 1

@) & e [ @) T e

ei(x,é) _ ei§.§e$mo|§|xi(§)'
We can further show that for zq > 0,

)= — [ EB@-y) - f)dy

Wy JRr
while f~(x),xo > 0, is the monogenic extension of f~(z) for xy < 0,
where the latter is also of the Cauchy’s integral form of f. For xy < 0
we have the analogous notation.

Under the context of the classical Paley-Wiener Theorem in the case
n =1, viz. f € L*(R) and

supp f (€) € [~6,8], 50,
there follows
f(z) = () + [ (2)

For z =z 4+ 1y, y > 0, we have

e X0 = e xpa(€),  exa0(E) = e xa0(8),
and so
L[ e e L[> ()
+ _ = 1€ ,—yE de = — dt
P =g [erten o - o [ Ma
and
IR A
) =g [ e f o
where f~(z) is well defined, but not be expressible by a Cauchy integral.
In fact, since y = Im z > 0, f~(z) is the holomorphic extension to the
upper-half complex plane of the Cauchy integral of f in the lower-half
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complex plane. By virtue of M°Intosh’s formula we have exactly the
same notion in RY.

We will mention two applications of M°Intosh’s formula.

(1) Paley-Wiener Theorem in R}

In a recent paper we proved the following theorem ([KQ1]).

Theorem. Let f € L*(R™). Then f can be monogenically extended to
R} with the estimate
[f(2)] < ce™!

if and only if

supp }C B(0, R),
where
B(0,R) ={z e R": |z| < R}.
In the case we have

~

1 n
flz) = Gn) /Rn e(z,§)f(§)dE, =z € RY.

In the literature higher dimensional versions of the Paley-Wiener the-
orem have been sought (see the references of [KQ1]). We wish to make
the point that the version with the Clifford algebra setting provides
the precise analogue. The commonly adopted proofs of the classical
Paley-Wiener Theorem are not readily applicable to the Clifford set-
ting owing to the defect that products of monogenic functions are no
longer again monogenic in general. However, a particular proof for the
one complex variable case can be closely followed through a non-trivial
computation based on MIntosh’s formula([KQ1]).

(2) Monogenic sinc function with Shannon sampling for functions in
the Paley-Wiener classes

Define the class of functions

PW(R)={f:R}— C™: f is monogenic in the whole R}
and satisfies | f(z)| < Cefl*! }.

The monogenic sinc function is defined to be
1

x,&)dE.
(27‘—)” /[—7r,7r}" e( 7§> §

The following exact interpolation of functions in the PW (R) classes is
proved in ([KQ2J).

Theorem. If f € PW(

sinc(z) =

7) , then

f(@) =3 f(hk)sinc (x _hhk) ,

Eezn
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where the convergence is in the pointwise sense independent of the order
of summation.

The proof is based on estimates of the monogenic sinc function de-
rived from M°Intosh’s formula.

3. FUETER’S THEOREM AND (GENERALIZATIONS

This addresses the problem of deriving monogenic and harmonic
functions from those of the same kind but in lower dimensional spaces.

Let f9(2) be a function of one complex variable analytic in an open
set O of the upper-half complex plane C*. If f(2) = u(x,y) +iv(z,y),
z = x + 1y, we introduce

o) = o, |z]) + i( ).

and set »
() (@) = A" f'(x),z € RY.
Theorem of Fueter (1935). When n = 3, interpreted as the quater-

nionic space, the mapping T maps an analytic function f°(z) in O to
a quaternionic monogenic function in

6:{q:qo+g:q0+i|g|60}.

Theorem of Sce (1957). For n being an odd integer the mapping T
maps f°(z) to a monogenic function in

O={x=mxg+z:x+ilz| € O}.

These results were extended in [Q2] in 1997 to the cases n being
an integer and the operator A" interpreted as the Fourier multiplier
operator with symbol [£|,—;. We note that

r(5)(@) = B(2) = ﬁ

z

In [Q2-3] for any integer n > 2 a corresponding relationship between
the functions f°(z) = z* and certain monogenic functions P%®(z) of
homogeneity of degree k is established:

1 _
(@) = P k=12, ..,

and
P*=D — (PR E=1,2,.. .,

where [ is the Kelvin inversion defined by

If(x) = E(x)f(z™).
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It is noted that if n is an odd integer, then
PEY = p(pnth=2y,

The sequence P%) k€ Z. is used to establish the bounded holomor-
phic functional calculus of the Dirac operator on Lipschitz perturba-
tions,denoted by Dy, of the unit sphere in R} (and similarly on R").

We now describe the result. Set

={0#£2€C:z= x+2y,||y||<tanw} 0<w<§

tanw > the Lipschitz constant of X,
H>(S,) ={b:S, — C: f?is bounded and analytic in S,}.
Given b € H*(S,,), and set, formally,

b(Ds)f = —— / b(E)(I — Dy)de,

27 .

where 7 is a certain curve in S, surrounding the spectrum of Dy.
The operators b(Dy) are proved to be equal to the Fourier multiplier
operators

My f(z Zb )Py f ( +Zb F)Qrf (x

where P f and Q. f are pl“O_]eCtIOHS of f onto the spaces of monogenic
functions of homogeneity degree k and —k , respectively. They are also
equal to the singular integral operators

Sof (@) = lim {i [ v 0B f)isl) + @' x)f(x)},

=00 | Wn J|z—y|>e

where in a certain sense ® :\Z; (the inverse Fourier transform of b) and
®!(e, r) = the average of ® on the sphere centered at z of radius e.
That is
b(Dy) = M, = S.

The boundedness of the operators b(Dx), b € H*®(S,,), is proved
through their singular integral expressions Sg based on the estimates
of the kernels ® and ®'. The derivation of the estimates are reduced
to the similar estimates in the one complex variable case via the cor-
respondence between the functions z* and P® (]Q5)).

On Lipschitz perturbations of higher dimensional spheres the theory
cannot be done through the Poisson Summation method based on the
graph case as in the unit circle case ([Q5]). It encountered some dif-
ficulties and hence was first achieved in the quaternionic space ([Q1]),
and then in general Euclidean spaces ([Q3]).
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Further generalizations of Fueter’s Theorem include the following.

(i)

(i)

(iii)

In a recent paper F.Sommen proved that if n is an odd positive
integer and x € RY, then for f0(2) = u(s,t) +iv(s,t), z = s+it,

analytic in an open set O C C*, then for z € O

DAR ((u(wo, |2]) + %v(xo, |z[)) Pi(z)) = 0,
where Py is any polynomial in x of homogeneity &, left-monogenic
with respect to the Dirac operator D ([So]).
K.IKou and T.Qian extended Sommen’s result to the cases
when n is an even positive integer and Sommen extended his
result to the cases k—i—"%l being non-negative integers, no matter
whether k is an integer ([KQS]).
The derivation of monogenic functions can be reduced to that
of harmonic functions, based on the following observations.

A. If A is harmonic in zg, Ty, ..., %,, then Dh is monogenic,
where D = Dy — D

B. If f is monogenic, then there exists a harmonic function
h such that f = Dh.

The following result for harmonic functions is obtained in a
recent paper of T.Qian and F.Sommen ([QS]).

Denote
2" =zMel) oy zel”) e R,
where r =1,...,d, Zlepr = m, and
ez(-r)el(f/) = —eg,ﬂ)ey) ,wherever (r,i) # (r',i').
Let A(sy,...,sq) be a harmonic function in the d variables

S1,...,8q4. Them, if p,, 7 =1,...,d, are odd and m = Zlepr
is even, then

A%h(@(l)\, o |§(d)]) =0,

where A is the Laplacian for all the m variables ], r =1,...,d,
1=1,...,pr.

The latest result along this line is by K.I.LKou and T.Qian
([KQ3]), as follows.

In the above notation we have
Al RS (|2 V) 2B - P ) = 0,

where for any r = 1,2,...,d, P,E:) (™) is a left-monogenic func-
tions with respect to D", homogeneous of degree k,., where k,
is any non-negative integer.
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ASYMPTOTICS OF SEMIGROUP KERNELS

A.F.M. TER ELST AND DEREK W. ROBINSON

Dedicated to Alan M¢Intosh on occasion of his 60-th birthday

ABSTRACT. We review the large time behaviour of the semigroup
kernel associated with a homogeneous operator on a Lie group with
polynomial growth. We consider complex second-order operators
and two classes of higher order operators.

1. INTRODUCTION

There is a vast literature on second-order elliptic operators on Lie
groups with real symmetric coefficients. (See [Rob], [VSC], and refer-
ences cited therein.) The closure of such an operator generates a semi-
group which is holomorphic in a sector, the semigroup has a smooth
kernel and the kernel, together with all its derivatives, satisfies the
canonical Gaussian upper bounds for small time. These results have
been extended to various other classes of complex subelliptic operators
of any order on a Lie group and in particular one has again the Gauss-
ian upper bounds for small time. If the operator is a real symmetric
pure second-order operator and the Lie group has polynomial growth
then the kernel satisfies the Gaussian upper bounds for all time. The
aim of this note is to indicate the difficulties that one can expect for the
large time canonical Gaussian upper bounds associated to other classes
of operators on Lie groups with polynomial growth. In particular we
discuss the class of pure second-order operators with complex constant
coefficients and two classes of higher order homogeneous operators.

Let G be a connected Lie group with Lie algebra g. Let ay,...,as
be an algebraic basis for g, i.e., independent elements which together
with their multi-commutators up to order s span g. The smallest num-
ber s for which this is valid is called the rank of the algebraic basis.
Let dg be a (left) Haar measure on G. For all p € [1,00] let L de-
note the left regular representation in L,(G) = L,(G;dg). For all
i€ {l,...,d'} let A; be the infinitesimal generator of the one parame-
ter group t — L(exp(—ta;)). We also need multi-index notation since
the A; do not commute in general. Set J(d') = |J,—,{1,...,d'}" and

1991 Mathematics Subject Classification. 22E25, 35B40, 35J30.
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if = (iy,...,1,) € J(d) set A=A, ... A; and |a| = n. Associated
to the algebraic basis there is a modulus on G, i.e., the distance to the
identity element e of G. Introduce D as the set of functions
d/
W = {1) € C*(G) : ¢ is real and sup Y [(A4)(g)|* < 1} .
9€C 1
For all g € G define

l9]" = sup [¢(g) — ¥ (e)]
PYeWw

Finally, for all p > 0 let the volume V’(p) be the Haar measure of the
ball {g € G : |g|" < p}.

The Lie algebra g is called nilpotent if there exists an n € N such
that

b1, [b2, .., [bp1,bn]...]] =0
for all by,...,b, € g. If g is nilpotent then define the rank r of g by

77777 bneglb1s [b2, - -y [bno1,bn) .. ]] £ 0} .

Let g(d’, r) be the nilpotent Lie algebra with maximal dimension, d’ gen-
erators and rank r. We denote the generators by as,...,as and the
associated infinitesimal generators by Aj,..., Agy. Let G(d',r) be the
connected simply connected Lie group with Lie algebra g(d',r).

Now we are able to introduce the operators we want to consider. Let

m € 2N. On a general Lie group G the operator
H= Z Coa A”
o] <m

with ¢, € C and domain D(H) = () ,<,,, D(A®) is called subcoercive
of step r if the comparable operator

H = Z caga

|al=m

r=max{n € N : 3,

on Ly(G(d',r)) satisfies a Garding inequality, i.c.,

Re(3, Hp) > i ) |43
|a|=m/2
for all g € C®(G(d',r)), for some ji > 0. Note that the condition is
on the principal part of the operator and is independent of the lower

order terms. If H is subcoercive of step r then H is also subcoercive
of step r — 1 (see [EIR1], Corollary 3.6).
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Example 1.1. Let ¢;; € C and suppose there exists a 1 > 0 such that
d/
(1) Re Z i & &5 > el
ij=1
for all ¢ € C¥. Then the operator — Zf; L Cij A Aj is a subcoercive
operator of step r for all » € N. This is easy to verlfy Conversely,
it — 223:1 cij A; Aj is a subcoercive operator of step r for some r > 2
then (1) is valid. (See [EIR1], Proposition 3.7.)
’ m/2 ’

For all m € 2N the operators (—Zle AZQ) and (—1)"2 "% Am
are also subcoercive operators of step r for all » € N, but the proof is
not trivial. (See [EIR2], Example 4.4.)

The group G(2 2) is the Heisenberg group and the operator A2

A22 10¢ [Al, AQ] is subcoercive of step 1, but not subcoercive of order r
for any r > 2.

The small time theory is well developed. Set
GE(J?) (g) = V/(t)_l/m e_b((|9\/)mt*1)1/(m—1)

forallb>0,t>0and g € G.

Theorem 1.2. Let aq,...,aqy be an algebraic basis of rank r for the Lie
algebra of a Lie group G. Let m € 2N and H an m-th order subcoercive
operator of step s with s > r. Then one has the following.

I. The closure of H generates a semigroup S on L, for all p €
[1, 00].

II.  The semigroup S is holomorphic.

III. The semigroup has a smooth rapidly decreasing p-independent
kernel K, i.e., Syp = Ky x ¢ for all o € L, and t > 0.

IV. Forall o € J(d') there exist b,c > 0 and w > 0 such that

(2) |AF,| < ctmlol/m et i)

for allt > 0.
V. Ifp e (1,00) then H is closed on L,. Moreover, if the semi-
group S is uniformly bounded on L, then for all N € N one has

D(HN™) = a1y D(A).

Proof. See [EIR1], Theorems 2.5 and 4.1, and for Statement V see
[BER]. O

The bounds (2) are optimal for ¢ € (0, 1] and describe the Gaussian
decay. For large t the factor e*! reflects the semigroup property and
the contribution of the lower order terms in H. Each derivative of K
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gives a t~!/"™-gingularity. We say that A“K has the canonical (large

time) Gaussian upper bounds if the bounds (2) are valid for all ¢ > 0
with w = 0. On a subclass of Lie groups these bounds are valid for
particular operators.

2. SECOND-ORDER OPERATORS

A Lie group is said to have polynomial growth if there exist ¢ > 0
and D € Ny such that the volume V'(p) < ¢ p? for all p > 1 (|Gui] and
[Jen]). It turns out that this definition is independent of the choice of
the algebraic basis.

Theorem 2.1. If G has polynomial growth and H is a pure second-
order real symmetric subcoercive operator of step 2 then there exist
b,c > 0 such that

| K| < cGl(ft) and A K| < ct™1/2 Gl(ft)
forallt >0 andie€ {1,...,d}.
Proof. See [SC]. O

In the situation of Theorem 2.1 the reality of the coefficients implies
that the kernel K is positive and by the Beurling-Deny criterium the
semigroup S is a contraction semigroup on L.,. Therefore K is inte-
grable and [ K; = 1 for all ¢ > 0. By duality the semigroup is also
a contraction semigroup on L; and then a Nash inequality provides
L.-bounds on K. Finally by a Davies perturbation the L.,-bounds
for K can be strengthened to the Gaussian bounds of Theorem 2.1.

If the coefficients are complex then K is not positive and there is no
version of the Beurling-Deny criterium for complex operators [ABBO)].
It is a recent result that the reality of the coefficients in Theorem 2.1
is superfluous.

Theorem 2.2. If G has polynomial growth and H is a pure second-
order (complex) subcoercive operator of step 2 then there exist b,c > 0
such that

| K| < chi) and A K| < ct™V/? Gl(ft)
forallt >0 andic{l,...,d}.
Proof. See [DER2]. O

Although the first-order derivatives of the kernel satisfy the canonical
large time Gaussian upper bounds, in general higher order derivatives
fail to have the canonical large time Gaussian upper bounds.
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Theorem 2.3. Suppose G has polynomial growth and let H be a pure
second-order (complex) subcoercive operator of step 2. The following
are equivalent.

1. There exist b,c > 0 such that
|AA K| < et G

forallt >0 andi,je{1,...,d}.

II.  There exists a ¢ > 0 such that ||A;A;S|la—2 < ct™t for allt >0
andi,j € {l,...,d}.

III. For all p € (1,00) there exists a ¢ > 0 such that ||A;A;¢|, <
cl|Hell, for all g € D(H) andi,j € {1,...,d'}.

IV. There exist o € (0,1), ¢ > 0 and for all R € (0,00) a function
nr € C®(Q) such that 0 < ng < 1, nr(g) = 1 for all g € G
with |g|" < oR, nr(g) = 0 for all g € G with |g|' > R and
ARl < ¢ R7IO for all a € J(d') with |a| = 2.

V.  The Lie algebra of G is the direct product of the Lie algebra of a
compact group and a nilpotent Lie algebra.

Proof. For real symmetric operators this theorem has been proved in
[ERS2]. The general case is again in [DER2]. O

In [Ale] Alexopoulos gave an example of a sublaplacian H on the
covering group of the Euclidean motion group for which Condition III
of Theorem 2.3 fails.

A similar theorem is valid for n derivatives instead of only two deriva-
tives, with n > 3. In particular, on a nilpotent Lie group all higher
order derivatives of the kernel associated to a complex second-order
operator of step r, with r > 2, satisfy the canonical Gaussian upper
bounds for large time. That is a special case of the following theorem.

Theorem 2.4. Let G be a nilpotent Lie group and let v be the rank of
its Lie algebra. Let m € 2N and let H be a pure m-th order operator
which is subcoercive of step r. Then for all « € J(d') there exist b,c > 0
such that
|A K| < ctmlolm G

for allt > 0.

Moreover, for all N € N and p € (1,00) there exists a ¢ > 0 such
that

@t max A, < |HY", < e max 147,

for all o € D(HN™) = N, <y D(A®).
Proof. See [NRS] or [ERS1]. O
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3. SUMS OF SUBCOERCIVE OPERATORS

Before we describe a more general theorem we first consider an ex-
ample on R

Example 3.1. Let A = — Zle 0,2 be the Laplacian on R? and n, m €
2N such that n < m. Set

H = An/? + Am/?
Let K, K () and K™ denote the kernels of the semigroups generated
by H, A™? and A™2, Then
Kixp=Sp= e*tHgo = e*tmﬂe*mmﬁ(p = Kt(") * Kt(m) *

for all ¢ € Ly(RY) since A™?2 and A™?2 commute. So K; = K™ « K™
for all t > 0. Hence there exist b, ¢ > 0 such that

K| < (G *GY)
for all t > 0 and z € R?%. These bounds can be reexpressed as follows.

Set
B (x) = (74 Ay (e Walm Ty gmbllal ety

Then for all b > 0 there exist b/, ¢ > 0 such that
G,(f;) * GI(;;L) < cEISm’")

!t
and
BT < (G G

for all ¢ > 0. Thus there are b, ¢ > 0 such that |K,| < ¢ E["™ for all
t>0. 7

Using Fourier analysis it is not hard to show that there exists a ¢ > 0
such that

1 t—yt—d/n < ||Kt . Kt(n)Hoo < Ct—ut—d/n

uniformly for all ¢ > 1, where v = (m — n)/n. So for large ¢ the
kernel K™ is a first approximation of K. One might hope that one
has bounds |K;| < CGI()Z) for suitable b, ¢ > 0, uniformly for all £ > 1,
but these are not valid by the following argument. If y € R? then the
Lebesgue dominated convergence theorem implies that

tlim tYm K (™) = (27r)d/dp e~ Py IP™
and the integral is not zero for all y € R%. But

lim 4/ G{") (£Y™y) = 0

t—o00
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for all b > 0 and y € R Therefore there are no b, ¢ > 0 such that
|Ky| < cGl(;? uniformly for all ¢ > 1.

The general case on a nilpotent Lie group is as follows.

Theorem 3.2. Let G be a nilpotent Lie group and let r be the rank
of its Lie algebra. Let k € N\{1} and my,...,my € 2N with m; >
my > ... >my. Forallj € {1,... k} let Hy,; be a pure mj;-th order

subcoercive operator of step r. Set H = Zle Hy,; and let K be the
kernel of the semigroup generated by H. Then one has the following.

1. For all o there are b,c > 0 such that
[AE| < e (tmlelm aglelmy (G5« G
for all t > 0 where m = my and m = my.
II.  Forallae J(d) and p € (1,00) there exists a ¢ > 0 such that
1A%, < | HIV ™),

forall j € {1,...,k} and o € D(HI®I/m3),
III. For all o € J(d') there exist b,c > 0 such that

AR, — A“K{™| < ct™tlm (G« GEY)
for all t > 1, where K™ denotes the kernel of H,, and v =
(mk,1 — mk)/mk
Proof. See [DER1]|, Theorems 2.1 and 2.12. O

Again Statement III of Theorem 3.2 indicates that K™ is the first
order approximation of the kernel K for large ¢t. Thus the large time
behaviour is determined by the lowest order terms in H. The kernel K
can be bounded by a Gaussian only in a very special case.

Proposition 3.3. Let n € N\{1} and adopt the notation of Theo-
rem 3.2. The following are equivalent.
I. There exist b,c > 0 such that |K;| < cGl(:? for allt > 0.

II. n=m=m or G is compact and n > m.

Proof. See [DER1], Proposition 2.15. O

4. HIGHER ORDER OPERATORS

It follows from Theorem 2.4 and Example 1.1 that for all m € 2N the
' m/2

kernel of the semigroup generated by the operator ( — Zle Ai2>
satisfies canonical Gaussian upper bounds for all time if G is nilpotent.

The condition that G is nilpotent can be relaxed.
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Theorem 4.1. Let ay,...,aqy be an algebraic basis of rank r for the
Lie algebra of a Lie group G with polynomial growth. Let m € 2N
and let K be the kernel of the semigroup generated by the operator

m/2

— Zflzl Ai2) . Then there exist b,c > 0 such that |K;| < CG&?)
for all t > 0.

Proof. See [EIR3|, Theorem 3.1. O

It also follows from Theorem 2.4 and Example 1.1 that for all m € 2N
the kernel of the semigroup generated by the operator (—1)™/2 Z;il AP
satisfies canonical Gaussian upper bounds for all time if G is nilpotent.
Nevertheless in contrast to Theorem 4.1, this result does not extend
to Lie groups with polynomial growth, in general. We next describe a
counter example.

5. THE EUCLIDEAN MOTION GROUP

The Lie algebra g of the Euclidean motion group is the three dimen-
sional Lie algebra with basis by, bs, b3 and commutation relations

[b1,b2] = b3, [b1,b3] = =Dy , [by,b3] =0

Then g is solvable, but not nilpotent. The maximal nilpotent ideal of g,
the nilradical, equals n = span(by, b3). Let G be the connected simply
connected Lie group with Lie algebra g. Then G is the covering group
of the Euclidean motion group. Let ay,as be an algebraic basis for g,
let m € 2N\{2} and set

(4) H = (=1)"*(A]" + Ay

Let K be the kernel of the semigroup generated by H. One has V'(p) =<
p3 for p > 1, so G has polynomial growth.

Theorem 5.1. The following are equivalent.
I. There exist b,c > 0 such that

K| <Gy

uniformly for all t > 0.
II.  There exists a ¢ > 1 such that

V)M <Kl < e V()Y

uniformly for all t > 0.
III. a; €n oras €n.

Proof. See [EIR3] Theorem 1.1 and Remark 2.5. O
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A sketch of the beginning of the proof is as follows. Define ®: R3 —
G by
O(x1, w9, x3) = exp(x1by) exp(waby) exp(z3bs)
Then & is a diffeomorphism. Set B; = dL(b;) and B; = (®71),B;.
Then

Bl = _817
By = —cosxq Op + sinx; 05,
Bs = —sinxy 0y —cosw1 03

where the 0; are the partial derivatives on R3. Set H = (®~!),H. Note
that
2
a im/2 im/2
(5) (¢, Ho) =Y (A", A7)
i=1

for all ¢ € D(H). Then the quadratic form on the right hand side of
(5) can be written in the form

(o, He) = D (0%, capd’)
a,BeJ(3)
1<]al,|8|<m/2

with the ¢, g a function which is a polynomial of functions x +— sin
and z — cos ;. Hence the quadratic form associated to H might con-
tain second-order terms. The large time behaviour of the kernel can be
obtained using a Bloch—Zak decomposition or by using homogenization
theory.

Example 5.2. If H = B14+ B4 then K satisfies the canonical Gauss-
ian upper bounds.

If H = B14+ (By + B2)4 then K does not satisfy the canonical
Gaussian upper bounds for large time. If one expands (B, + B;)2¢ as
in (5) then one obtains on both side of the inner product a term By,
SO

(¢, Hp) = (Bsyp, Bsy) + higher order derivatives

Similarly to the situation in Theorem 3.2 for sums of subcoercive oper-
ators on nilpotent Lie groups one has a contribution of a second-order
operator and K does not satisfy the m-th order canonical Gaussian
upper bounds for large time.

However, if H = (By + B2)4 + B34 then K does have the canonical
Gaussian upper bounds for large time, since Condition IIT of Theo-
rem 5.1 is valid. This is surprising since the quadratic form has a
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second-order term contribution as in the second example. But homog-
enization is a non-linear process and for the homogenized operator in
this case the coefficients of the second-order terms cancel. It turns out
that the homogenization of H is again a fourth-order operator and K
satisfies the canonical fourth-order Gaussian upper bounds.

Next we describe the behaviour of the kernel in case the equivalent
conditions of Theorem 5.1 are not valid.

Theorem 5.3. Let H be as in (4). Suppose a1 € n and ay & n. Then
one has the following.

I. There exist b,c > 0 such that

Ki(g)l < ¢ /N ah G (gh ) GEn)
uniformly for all g € G and t > 1, where N = expn and
GEN®(0, 3, w5)) = ¢ a2t ™!
s the second-order Gaussian on N.
11. There exists a ¢ > 0 such that
C—l t—(m+1)/m S ||Kt||oo S ct—(m—l—l)/m

uniformly for all t > 1.
III. There exist ¢,c, ¢y > 0 such that

”Kt i -[?t”oo < th(erl)/m tfl/m

uniformly for all t > 1, where f(;is the kernel of the semigroup
generated by H = (®~'),H and K is the kernel of the semigroup
generated by

(—1>m/261 8{” - c’(822 + 832)
Proof. See [EIR3]. O

If H=(—1)"/? zla\zlﬁlzmﬂ 0%y 3 0% is a pure m-th order strongly
elliptic operator on R¢ with complex measurable coefficients then the
solution of the Kato problem solved by Auscher, Hofmann, M¢Intosh
and Tchamitchian states that D(H'?) = W™?2 and there exists a
¢ > 0 such that
(6) ¢ max [[0%]z < [Hpllz < ¢ max [19%];
for all ¢ € D(HY?) (see [AHMT], Theorem 1.5). In [AHMT] the
identity D(H'Y?) = W™/22 and the homogeneous estimates (6) were
proved first under the additional assumption that the kernel of the
semigroup generated by H has the canonical Gaussian upper bounds.
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A similar result is valid for subcoercive operators with constant co-
efficients on nilpotent groups by (3) in Theorem 2.4. If the group
is simply connected then an operator as in Theorem 2.4 is unitarily
equivalent to an operator on R? with polynomial coefficients. If G is a
general Lie group and H is a pure m-th order operator which generates
a bounded semigroup on Ly then it follows from Theorem 1.2.V that
there exists a ¢ > 0 such that

e IE?nX/QHA“@IIa +lella) < 1H¢ll2 + [lell

|al

@ < cof max 4%+ )

for all ¢ € D(H'?). But if the group is not homogeneous then one
cannot easily scale the Ly-norm ||¢||2 of ¢ away in (7). Nevertheless
the homogeneous estimates (3) are valid on nilpotent Lie groups, even
if the nilpotent group is not homogeneous.

If G is the covering group of the Euclidean motion group and H =
B14 + B4, with the notation as in the beginning of this section, then
it follows from Theorem 5.1 that the kernel of the semigroup S gener-
ated by H has the canonical Gaussian upper bounds. Moreover, S is
bounded on L, and D(HY?) = Njaj=2 D(A%) on L. Nevertheless the

analogue of the homogeneous estimates (6) and (3) are not valid.

Proposition 5.4. Let G be the covering group of the Fuclidean motion
group and adopt the notation as in the beginning of this section. Let
ai,as be an algebraic basis for g such that ay € n or as € n. Let
m € 2N\{2} and set H = (—1)™2(AT + AD). Then there does not
exist a ¢ > 0 such that

max 4%, < o[ H %]

for all ¢ € D(H'/?).

Proof. Suppose there exists a ¢ > 0 such that maxa—m/2 [[A%[l2 <
c||HY 2|, for all ¢ € D(HY?). We will show that Condition IV of
Theorem 2.3 is valid.
Let K be the kernel of the semigroup S generated by H. Then
Jnax, 1A% Sepll> < cl|H2Spplls < (2¢) 722l

for all ¢ > 0 by spectral theory. By Theorem 5.1 the kernel K satisfies
the canonical Gaussian upper bounds. Hence by a quadrature estimate
it follows that there exists a ¢; > 0 such that

1Si][1e < e V()Y and  ||Kily < V()7
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for all ¢t > 0. Therefore one has
[AYKilloo < A% S3ell1—00 < A% S2ull2—co [l Stll1—2 = [|A Kat[|2]| St 12

< A S|zl Kellall Sell 1oz < (26)7Zeci2e 2V ()7

forall ¢t > 0 and a € J(d') with |a| = m/2. Hence there exists a co > 0
such that

(8) | rlnax/ |AY Ko < €2 t_l/ZV'(t)_l/m
al=m/2

for all t > 0.

Since H does not have a constant term one has H1 = 0 on L,
where 1 is the constant function with value one. Hence S;1 = 1 and
[ Ky =1 for all t > 0. Moreover, since H is self-adjoint one deduces

that K;(¢g7') = K;(g) for all g € G and t > 0. Hence

m&@:m/%mwmw@

< /dh|Kt(h)|2:/dth(h) Ki(h™") = Kale)

for all £ > 0 and g € G by the Schwartz inequality. By Theorem 5.1
there exist b, c5 > 0 such that |K;| < ¢3 Gl():?) for all £ > 0. Then for all
x > 0 one has

Ki(e) > V’(ﬁtl/m)_l/ dg Re K¢(g)

{geG:|g|' <wtl/m}

= V’(/ﬁtl/m)’1<1 —/ dg Re Kt(g)>
{9€G:|g| >KtL/m}

> V’(/{tl/m)_l(l —/ dg c3 G,()T)(g))

{9€G:|g|' >rt1/m}

for all ¢ > 0. But the last integral tends to zero as k — oo. Hence
there exists a k > 0 such that K;(e) > 27'V/(kt'/™)~! for all t > 0.
But since G has polynomial growth there then exists a ¢4 > 0 such that
Ki(e) > e, V'(t)7Y/™ for all t > 0.

It follows from a subelliptic variation of Lemma II1.3.3 of [Rob| that
there exists a ¢; > 0 such that

max 4% o < £ mae A%l + sl

for all n € {1,...,m/2 — 1} and ¢ € (/2 D(A®) in the Lo.-sense.
Hence by (8), using the Gaussian upper bounds for K and choosing
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e = t"/™ one deduces that

|m|ax |AYK || < (€3 + cscs) ™™V (1) 7Y™

forallt >0 and n € {1,...,m/2}. Then

d/

1/2
[Kilg) = K(e)] < lgl' (3 IAikll2) ™ < colgl 7/ v/ (1)
=1

for all g € G and t > 0, where cg = (d')"/?(cy + c3cs5). It follows that

K9 - Kile)
- Ky(e)

_1 _b((‘g‘/)mt—l)l/(m—l) > ‘Kt(g)
C3C, €
o Ky(e)

(9) > 1—coe;t gt

for all g € G and t > 0. Next let 7: C — R be a C*°-function such
that 0 < 7 < 1, 7(2) = 0 for all |z| > e3c;'e™ and 7(2) = 1 for all
2| <27 cze e, For all R > 0 define nz € C%(G) by

i -(32)

Then it follows from (9) that nr(g) = 0 if |g|’ > R and ng(g) = 1 if
lg|" < oR where 0 = cyc5' (1 — 27 eze; te™®).

Next we show that the derivatives have the right decay. Let a € J(d')
with |a| = m/2. Then

m L (AP K pm
(10) (A%nr)(g) =Y 7 (gm 8) 1:[1 (AKfm(e))(g)

uniformly for all g € G and R > 0, where the sum is finite and over a
subset of all [ € {1,...,n} and By,..., 5 € J(d') with |3,] > 1 for all
pe{l,...,l} and |G|+ ...+ |G| = n. Then

! AﬁPKR2
H ( KR2<€))(9)

I
’ < H(@ + cses)ey "RTIPP = (cy + ese5)'e] 'R
p=1 p=1

uniformly for ¢ € G and R > 0. Hence Condition IV of Theorem 2.3
is valid. Therefore by Theorem 2.3 g is the direct product of the Lie
algebra of a compact group and a nilpotent Lie algebra. This is a
contradiction and the proof of the proposition is complete. 0



ASYMPTOTICS OF SEMIGROUP KERNELS 141

ACKNOWLEDGEMENTS

This paper has been written whilst the first named author was on
sabbatical leave visiting the Centre for Mathematics and its Applica-
tions at the ANU. He wishes to thank the CMA for its hospitality and
the support from a grant of the Australian Research Council.

REFERENCES

[ABBO] AUSCHER, P., BARTHELEMY, L., BENILAN, P. and OUHABAZ, E.M.,
Absence de la L°°-contractivité pour les semi-groupes associés aux
opérateurs elliptiques complexes sous forme divergence. Potential Anal.
12 (2000), 160-189.

[AHMT] AUSCHER, P., HOFMANN, S., MYINTOSH, A. and TCHAMITCHIAN, P,
The Kato square root problem for higher order elliptic operators and
systems on R™. J. Fvol. Equ. 1 (2001), 361-385.

[Ale] ALEXOPOULOS, G., An application of homogenization theory to harmonic
analysis on solvable Lie groups of polynomial growth. Pacific J. Math. 159
(1993), 19-45.

[BER] Burns, R.J., ELsT, A.F.M. TER and ROBINSON, D.W., L,-regularity
of subelliptic operators on Lie groups. J. Operator Theory 31 (1994),
165-187.

[DER1] DuNGEY, N., ELsT, A.F.M. TER and ROBINSON, D.W., Asymptotics
of sums of subcoercive operators. Collog. Math. 82 (1999), 231-260.

[DER2] —, Analysis on Lie groups with polynomial growth, 2002. In prepara-
tion.

[EIR1] EwLsT, A.F.M. TER and ROBINSON, D.W., Subcoercivity and subelliptic
operators on Lie groups II: The general case. Potential Anal. 4 (1995),
205-243.

[EIR2] ——, Weighted subcoercive operators on Lie groups. J. Funct. Anal. 157
(1998), 88-163.

, On anomalous asymptotics of heat kernels. In LUMER, G. and
WEIs, L., eds., Fvolution equations and their applications in physical and
life sciences, vol. 215 of Lecture Notes in Pure and Applied Mathematics.
Marcel Dekker, New York, 2001, 89-103.

[ERS1] EwLsT, A.F.M. TER, ROBINSON, D.W. and SIKORA, A., Heat kernels
and Riesz transforms on nilpotent Lie groups. Coll. Math. 74 (1997),

[EIR3]

191-218.

[ERS2] ——, Riesz transforms and Lie groups of polynomial growth. J. Funct.
Anal. 162 (1999), 14-51.

[Gui] GUIVARC’H, Y., Croissance polynomiale et périodes des fonctions har-
monique. Bull. Soc. Math. France 101 (1973), 333-379.

[Jen] JENKINS, J.W., Growth of connected locally compact groups. J. Funct.

Anal. 12 (1973), 113-127.

[NRS] NaceL, A., Riccr, F. and STEIN, E.M., Harmonic analysis and funda-
mental solutions on nilpotent Lie groups. In SADOSKY, C., ed., Analy-
sis and partial differential equations, Lecture Notes in pure and applied
Mathematics 122. Marcel Dekker, New York etc., 1990, 249-275.



142 A.F.M. TER ELST AND DEREK W. ROBINSON

[Rob] RoBINSON, D.W., FElliptic operators and Lie groups. Oxford Mathemat-
ical Monographs. Oxford University Press, Oxford etc., 1991.

[SC] SALOFF-COSTE, L., Analyse sur les groupes de Lie a croissance poly-
noémiale. Arkiv for Mat. 28 (1990), 315-331.

[VSC]  Varopouros, N.T., SALOFF-COSTE, L. and CouLHON, T., Analysis
and geometry on groups. Cambridge Tracts in Mathematics 100. Cam-
bridge University Press, Cambridge, 1992.

DEPARTMENT OF MATHEMATICS AND COMPUTING SCIENCE, EINDHOVEN UNI-
VERSITY OF TECHNOLOGY, P.O. Box 513, 5600 MB EINDHOVEN, THE NETHER-
LANDS

E-mail address: terelst@win.tue.nl

CENTRE FOR MATHEMATICS AND ITS APPLICATIONS, MATHEMATICAL SCI-
ENCES INSITUTE, AUSTRALIAN NATIONAL UNIVERSITY, CANBERRA, ACT 0200,
AUSTRALIA

FE-mail address: Derek.Robinson@maths.anu.edu.au



THE 7(b) THEOREM AND ITS VARIANTS
T. TAO

ABSTRACT. We survey the various local and global variants of
T(1) and T'(b) theorems which have appeared in their literature,
and outline their proofs based on a local wavelet coefficient per-
spective. This survey is based on recent work in [4] with Pascal
Auscher, Steve Hofmann, Camil Muscalu, and Christoph Thiele.

1. INTRODUCTION

The purpose of this expository article is to survey the various types
of T(1) and T'(b) theorems which have been used to prove boundedness
of Calderén-Zygmund kernels. These theorems have many applications
to Cauchy integrals and analytic capacity, and also to elliptic and ac-
cretive systems; see e.g. [1], [6], [9], [13]. However we will not concern
ourselves with applications here, and focus instead on the mechanics
of proof of these theorems. In particular we present a slightly non-
standard method of proof, based on pointwise estimates of wavelet
coefficients.

For simplicity we shall work just on the real line R, with the stan-
dard Lebesgue measure dx. For applications one must consider much
more complicated settings, for instance one-dimensional sets endowed
with Hausdorff measure, but we will not discuss these important gener-
alizations in this article!, and instead concentrate our attention on the
distinction between T'(1) and T'(b) theorems, and between local and
global variants of these theorems.

To avoid technicalities (in particular, in justifying whether integrals
actually converge) we shall restrict all functions and operators to be
real-valued, and only consider Calderén-Zygmund operators 1" of the
form

Tf(z) = / K(x.9)(y) dy

'In particular we will not discuss the important recent extensions of the T'(1)
and T'(b) theory to non-doubling measures, see e.g. [24], [23].
143
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where K (z,y) is a smooth, compactly supported kernel obeying the
estimates

[K(z,y)| S 1/lv -yl (1)
K (2,y) — K@ )| + [K(y, ) = K(y,2)| S Jo = 2/|/]z —y*  (2)

for all distinct z,2',y. Here we use A < B or A = O(B) to denote
the estimate A < C'B for some constant C'. An example of such an
operator would be the Hilbert transform H f(z) := p.v. [ x—iyf(y) dy,
after first truncating the kernel p.v.x%y to be smooth and compactly
supported.

Of course, since we have declared K to be smooth and compactly
supported, the operator T'is a priori bounded on LP(R) for 1 < p < 0.
However, the basic problem is to find useful conditions under which
one can obtain more quantitative bounds on the LP operator norm of
T (e.g. depending only on p and the implicit constants in (1), (2) and
some additional data, but not on the smoothness and compact support
assumptions on K).

The remarkable 7'(1) theorem of David and Journé [12] gives a com-
plete characterization of this problem:

Theorem 1.1 (Global T'(1) theorem). [12] IfT is a Calderdn-Zygmund
operator such that

o (Weak boundedness property) One has (Txr,xr) = O(|I]) for
all intervals I. Here |I| denotes the length of I.

o We have | T(1)||smo S 1.

o We have | T*(1)||gmo S 1.

Then T is bounded on LP, 1 < p < o0

ITF1p S 111l

(the implicit constants depend on p) and we have the L* to BMO
bounds

ITfllzmo S N flloe
1T fllsaro S 11 flloo-

The remarkable thing about this theorem is that while the conclu-
sion asserts that T" and 7™ obey certain bounds for all LP functions f
(including when p = o0), whereas the hypotheses only require these
type of bounds for very specific L” functions f. The point is that the
kernel bounds (1), (2) impose severe constraints on the behavior of T
Informally, these bounds assert that the bilinear form (T'f, g) is small
when f and g have widely separated supports, and is especially small
when one also assumes that f or g has mean zero. This allows us
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in many cases to estimate (T'f, g) by replacing f with its mean on a
certain interval (i.e. by replacing f with its projection onto constant
functions), or by performing a similar replacement for g. By doing this
at all scales simultaneously (by use of such tools as the wavelet de-
composition), we can eventually control (T'f, g) by quantities involving
T(1), T*(1), or quantities such as (T'x;, x7). In more precise terms,
the standard proof of Theorem 1.1 proceeds by decomposing 1" into an
easily estimated “diagonal” component (controlled by (T'xy, x1), and
two paraproducts, one related to 7'(1) and one related to 7%(1), which
can then be estimated with the aid of the Carleson embedding theo-
rem. In this note we give an alternate proof (in a model case) based
on pointwise estimates of wavelet coefficients.

Despite giving a complete answer to our problem, Theorem 1.1 is
not completely satisfactory for two reasons. Firstly, the conditions
IT(1)|lBmo S 1 and ||T*(1)||Bmo S 1 are global rather than local, in
that the constant function 1 and the nature of the BMO norm are both
spread out over all intervals of space simultaneously, in a way that the
weak boundedness property is not. Thus if one were only interested
in whether T is bounded on acertain subset (2 of R, the hypotheses of
this theorem would be inappropriate. Secondly, the theorem is rather
inflexible in that one must test 7' and 7™ against the function 1, rather
than some other functions which might be more convenient to apply 7'
and T™ to.

The first objection is easily addressed. Indeed, it is quite straightfor-
ward (and well-known) to see that the global T'(1) theorem is equivalent
to the following local version:

Theorem 1.2 (Local T'(1) theorem). If T' is a Calderdn-Zygmund op-
erator such that

o [,1Tx:(x)|* de < |I| for all intervals 1.
o [[|T*x;i(2)|* dz S || for all intervals I.

Then the conclusions of Theorem 1.1 hold.

We sketch the derivation of the global 7'(1) theorem from the local
T(1) theorem as follows. Suppose that T'(1) € BMO, then for any
interval I we would have

I1T(1) = [TW]sll ey < V2,

where [f]; = ‘%' [, f denotes the mean of f on I. On the other hand,
from (1), (2) and a direct calculation one can show that

1T = x1) = [T = XDl S M2,
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and hence that
IT(x1) = [TOx)lillzzay S 112

On the other hand, from the weak boundedness property we have
[T (x1)]r = O(1), and thus we have verified the first property of Theo-
rem 1.2. The second property is verified similarly and we are done. The
reverse implication (that the global theorem implies the local version)
is similar and we do not detail it here.

As the name suggests, the local T'(1) theorem can be localized. Here
is one sample localization result:

Theorem 1.3 (Localized T'(1) theorem). Let Q C R be an open set.
If T is a Calderon-Zygmund operator such that

o [[|Tx:(x)|? de < |I| for all intervals I such that I N Q # 0.
o [[|T*x;(2)|* dz S || for all intervals I such that I NQ # 0.

Then T is bounded on LP(2) for 1 < p < oo, in the sense that

1T flallzr@) S I fllee@)
for all f € LP(Q).

Corresponding L” and L>* — BMO estimates can also be made, but
are a little technical due to the need to define BMO on domains.

We prove this theorem in a model case in Section 3. Unfortunately,
this localization is imperfect, since the intervals I in the hypotheses are
allowed to partially extend outside €); we do not know how to resolve
this issue to make the localization more satisfactory.

Now we discuss the second objection to the T'(1) theorem, that the
choice of function 1 is fixed. Certainly we cannot replace 1 by an
arbitrary L function, since if one replaces 1 by (for instance) the zero
function 0 then the hypotheses become trivial, and the theorem absurd.
Or if one replaces 1 by a function which vanishes on a large set, then
the hypothesis yields us very little information about 7" on that set,
and so one would not expect to conclude boundedness on 7" inside that
set. However, if one replaces 1 by functions which in some sense “never
vanish” | then one can generalize the T'(1) theorem:

Theorem 1.4 (Global T'(b) theorem). [13] Let b,t/ be bounded in
L>*(R) and such that we have the pseudo-accretivity condition

011 16 2 1
for all intervals I. If T' is a Calderon-Zygmund operator such that

e (Modified weak boundedness property) One has (T (bx;), (V'x1)) =
O(|1]) for all intervals I.



THE T'(b) THEOREM AND ITS VARIANTS 147

o We have | T(b)||sro S 1.
o We have | T*(V)|| pmo S 1.

Then T is bounded on L?
ITflla S N f12
and we have the L*° to BMO bounds
IT fllzmo SN flloe
17" fllzmo S 11f lloo-

The conditions b, 0’ be bounded in L*(IR) can be relaxed slightly to
requiring b, b’ to just be bounded in BMO); see [4]. This theorem can be
proven by using wavelet systems adapted to b, b’ respectively [5]. In the
special “one-sided” case when b’ = 1 then there is an alternate proof
going through the global T'(1) theorem and the heuristic that when
T*(1) € BMO, we have the approximation (T'(b), ¢r) ~ [b](T(1), ¢1)
for all intervals I and all bump functions ¢; of mean zero adapted to
I; see [25] (and also [4]).

This T'(b) theorem can also be localized, so that instead of having a
single function b supported globally, we only need a localized function
by for each I. Also, each b; only has to satisfy a single accretivity
condition:

Theorem 1.5 (Local T'(b) theorem). [4] If T is a Calderdén-Zygmund
operator such that

e For every interval I, there exists a function by € L*(I) with
JAE T
I
which obeys the accretivity condition

|[bs]1] 2 1.

e For every interval I, there exists a function b}, € L*(I) with
JIR T
which obeys the aclcretim'ty condition
b)) 2 1.
Then T is bounded on L?

T fll2 S I f]l2
and we have the L™ to BMO bounds

1T fllBao < 11 flloo
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1T fllBao S (1 leo-

Strictly speaking, the theorem in [4] was only proven in a model case
in which “perfect” kernel cancellation conditions were assumed, but the
argument extends without significant difficulty to general Calderén-
Zygmund kernels. This theorem is a variant of an earlier local T'(b)
theorem of [9], which was in a much more general setting but required
L™ conditions on by, Tby, by, T*V; rather than L? conditions. One can
also replace the L? conditions with L? and L? conditions, see [4].

In the “one-sided case”, when T*1 € BMO, then one does not
need the second hypothesis (involving the ), and the proof can again
proceed via the T'(1) theorem, again using the heuristic that when
T*1 € BMO, we have the approximation (Tb;, ¢;) ~ [bs];(T(1), ¢r)
when ¢; has mean zero and is adapted to I. (cf. the local T'(b) theo-
rems in [6], [1], [2]). However in the general case it appears that one is
forced to use tools such as adapted wavelet systems.

2. A DYADIC MODEL

In order to simplify the exposition, we shall replace our “contin-
uous” Calderon-Zygmund operators with a “discrete” dyadic model;
this model will be much cleaner to manipulate because of the absence
of several minor error terms, but will already capture the essence of
the arguments.

We define a dyadic interval to be any interval of the form [27k, 27 (k+
1)] where j, k are integers. We will always ignore sets of measure zero,
and so will not distinguish between open, closed, or half-open dyadic
intervals. If I is an interval, we use |I| to denote its length and I'°/!
and I"9" to denote left and right halves of I respectively, and refer to
I'*ft and 19" as siblings. We define the Haar wavelet ¢; to be the
L?-normalized function

¢] = |I‘_1/2(X]left — X[right).

As is well-known, these wavelets form an orthonormal basis of L*(R).
For any locally integrable f, we define the wavelet transform W f, de-
fined on the space of dyadic intervals, by W f(I) := (f, ¢;). Thus W is
an isometry from L? to [2.

Observe that if 7" obeys (1), (2), and I and J are disjoint dyadic
intervals, then the quantity (T'¢;, ¢;) decays quickly in the separation
of I and J (for instance, we have the estimates

1] dist(I,.J)\
(Tor, 1) S ] (1 + T)
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when |J| > |I]). We now introduce a simplified model operator in which
the quantity (T'¢r, ;) not only decays, but in fact vanishes when I, J
are disjoint.

Definition 2.1. A perfect dyadic Calderén-Zygmund operator T is an
operator of the form

Tf(z) = / K(x.9)(y) dy

where K(x,y) is a bounded, compactly supported function which obeys
the kernel condition

1

K(z,y)| S —— 3
Kol < [y 8

and the perfect dyadic Calderon-Zygmund conditions
K (z,y) — K(«",y)| + [K(y,z) = K(y,2')] = 0 (4)

whenever x,x’ € I andy € J for some disjoint dyadic intervals I and J.
FEquivalently, K is constant on all rectangles {I x J : I, J are siblings}.

As a consequence of (4) we see that T'f; is supported on I whenever
fr is supported on I with mean zero, and similarly with T" replaced by
T*. In particular we have (T'¢r, ¢;) = 0 whenever I, J are disjoint.

We define the dyadic BMO norm by

1 1/2 1/2
I llasios s=sup (5 [17 =172 =su (S wr?)

JCI

where I ranges over all dyadic intervals. This norm is very close to the
usual BMO norm, see [18].

3. POINTWISE WAVELET COEFFICIENT ESTIMATES

The purpose of this section is to give a somewhat non-standard proof
of the T'(1) theorem in the model case of perfect dyadic Calderén-
Zygmund operators. This differs from the usual proof (involving para-
product decomposition and Carleson embedding) in that it relies on
pointwise estimates for wavelet coefficients, and also tackles the end-
point L>® — BMO estimates first (instead of the usual procedure of
first establishing L? bounds.

Let T be a perfect dyadic Calderén-Zygmund operator, and let f €
L*(R) be a function. In order to study the L? or BMO norm of T'f, it
makes sense to study the wavelet coefficients W (7T f)(J). It turns out
that one can write the coefficients of T'f rather explicitly in terms of
the corresponding coefficients of f, T'x s, T*x; and fT*x:
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Lemma 3.1. [4] We have
WA(T £)(J) = [faW(Tx)(T) = FLW(T X)) + W T x0)(J)

2
- m(<TXJleft7 XJright> + <TXJright7 XJZeft))Wf(J)' (5)

From (3) we thus have the useful pointwise estimate

(W)Y ST X D]+ FANWAT x ) ()] ©)
+IWUT X))+ W F(J)]

on the wavelet coefficient of 7'f. The pointwise estimates (6) are remi-
niscent of the standard pointwise sharp function estimates (T )% (z) <
M f(x) for Calderén-Zygmund kernels bounded on L?; see [26].
Proof First observe that if f is vanishes on J then both sides of (5)
vanish (since W(Tf)(J) = (f,T*¢;) and T*¢; is supported on J).
Thus by linearity we may assume that f is supported on J.

Now suppose that f is equal to xs, then Wf(J) = 0, and (5) col-
lapses to

W(Tx)(J) = W(Txs)(J) = W(T"x0)(J) + WxsT"xs)(J)

which is clearly true. By linearity we may thus assume that f is or-
thogonal to x .
Now suppose that f is equal to ¢;. Then (5) simplifies to

1

2
<T¢J7 ¢J> = m(TXL XJ> - |7|(<TXJleft7 XJMght) + <TXJm'ght> XJleft>)7

which is easily verified by expanding out T'. By linearity we may thus
assume that f is also orthogonal to ¢;. In particular, we can now
assume that f has mean zero on both Jip and Jygne. After some
re-arranging, the claim now collapses to

<Tf> ¢J> = <T(f¢J)aXJ>'

If f is supported on J. s, then the claim follows since ¢; is constant
on the support of f and on T'f. Similarly if f is supported on Jyign:.
The claim now follows by linearity. ]

Of course, this identity took full advantage of the perfect cancellation
(4). However in the continuous case there are still analogues of (6), but
with some additional error terms which are easily treated. (Basically,
the right-hand side will not just contain terms related to J, but also
terms related to intervals J’' which are “close” in size and location
to J, but with an additional weight which decays fairly quickly as J’
moves further away from J). One can also replace the Haar wavelet
with smoother wavelets in order to avoid certain (harmless) logarithmic
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divergences which can come up in this procedure. We will not pursue
the details.

With (6) in hand it is a fairly easy matter to prove the dyadic ana-
logue of Theorem 1.2:

Theorem 3.2 (Local dyadic T'(1) theorem). If T' is a perfect dyadic
Calderon-Zygmund operator such that

o [[|Txi(z)* de < |I] for all dyadic intervals I.

o [[|T*xr(x)|* dz < |I| for all dyadic intervals 1.

Then T is bounded on L?

ITfll2 S 11 f]l2
and we have the L> to dyadic BMO bounds

| T fllBroa S |1 flloo
1T fllBros S I1f oo

Of course, this local theorem is equivalent to its global counterpart
by the argument sketched in the introduction.
Proof First we show that 7' maps L™ into dyadic BMO. Fix f € L*;
we may normalize || f|l = 1. We need to show the Carleson measure
condition

D IWTHDE S (7)
JCI
for all dyadic intervals 1.
By a standard iteration procedure (extremely common in the study
of Carleson measures or BMO; we will use it again in the next section)
we may restrict the summation to those intervals J for which

[T"xi]sl < C (8)

for some large constant C'. We sketch the reason for this is as follows.
By Cauchy-Schwartz, we see that [, |T%x;|> > C?|.J| whenever (8)
fails. Since we are assuming the bound [, [T*x;[> < ||, the intervals
J for which (8) fails can therefore only cover a set of measure at most
1—(1)0 1|, if C'is chosen sufficiently large. One can then iterate away those
contributions in the usual manner (e.g. by assuming inductively that
(7) already holds for all sub-intervals of I).

Fix I; we will implicitly assume that (8) holds. Now we use (6) to
decompose the wavelet coefficients W (T'f)(J).

We write

W(fT*XJ)(J) = W(fT*XI)(J) - W(fT*XI\J)(J)-
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From (4) we see that 7™y is constant on J, thus

W T xns)(J) = ([(T"x1ls = [T"xs] )W f(J).

From the hypotheses and Cauchy-Schwarz we have [T*x;]; = O(1).
From this and (8) we thus have

WX S W T X))+ W)

Also, since T* ¢ is supported on .J, we have
W(T'xs)(J) = W(T'x1)(J),

and similarly for 7*. Since [f]; = O(]| f]|s) = O(1), we thus see from
(6) that we have the pointwise estimate

(W(TF)(D] S IWV(Tx) ()] + W (T*x1)(J)]

FIWGT XD+ W),

By hypothesis, the functions Txr, T*x;, (T*x1)f, and f all have an
L%(I) norm of O(|I|"/?). The claim (7) follows since the ¢; are or-
thonormal in L?*(I). This shows that 7' maps L* into BMOa.

A similar argument shows that 7% maps L>* to BMOx. One then
concludes L? boundedness by Fefferman-Stein interpolation (see e.g.
[26]) and a standard reiteration argument (starting, for instance, with
the apriori L? boundedness and then improving this by repeated inter-
polation; cf. [29]). Alternatively, one could use LP Calderén-Zygmund

techniques as in [16] to first establish weak L” bounds and then inter-
polate. We omit the details [

We now sketch how the above theorem localizes to a domain 2 C RR.
Specifically, we prove

Corollary 3.3 (Dyadic localized T'(1) theorem). Let Q@ C R be an
open set. Let I be the set of dyadic intervals I such that INQ # 0. If
T is a Calderon-Zygmund operator such that

o [[|Txi(z)? de S |I) for all T €1
o [[|T*x;(2)|* de S || forall I € L.

Then T is bounded on LP(Q) for 1 < p < oo, in the sense that
1T flellzr@) S 1 llr @)

for all f € LP(Q).

Proof Let II be the projection

Mf:=> Wf(I)er

Iel
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Equivalently, we have IIf(z) = f(x) if z € Q, and IIf(x) = [f]s
when z ¢ ), where [ is the smallest dyadic interval containing x and
intersecting €).

We consider the operator IITTI. It is easy to verify that this operator
is also a perfect dyadic Calderén-Zygmund operator. We claim that
ITT'TI verifies the hypotheses of Theorem 3.3. The claim then follows
since ITT f(x) = TT f(x) = T f(x) for all x € Q and f € LP(Q).

Let I be a dyadic interval. We shall verify that

/|HTHXI(I)|2 dz < |1,
I

First suppose that I € I. Then IIx; = x;. Also, on I one can esti-
mate II by the Hardy-Littlewood maximal function on /. The claim
then follows from the hypotheses and the Hardy-Littlewood maximal
inequality.

Now suppose that I € I. Let J be the smallest dyadic interval in I
which contains J. Then IIy; = Ly, and IIf = [f]s on I. Thus it will

[J]
suffice to show that

1 /’!II 2
Ly f <1
|| S5 1]

But this follows from hypothesis since |I| < |J]. n

It is also possible to establish the above corollary directly by us-
ing variants of the pointwise estimate (6), combined with the square-
function wavelet characterization of LP and some Calderén-Zygmund
theory, but we will not detail this here.

The operator II is an example of a phase space projection, to a re-
gion of phase space known as a “tree”. Such localized estimates for
Calderon-Zygmund operators are very useful in the study of multilin-
ear objects such as the bilinear Hilbert transform and the Carleson
maximal operator: see e.g. [15], [28], [19], [20], [22], etc. (For a fur-
ther discussion of the connection between Carleson measures, Calderon-
Zygmund theory, and phase space analysis, see [4]).

3.1. Adapted Haar bases, and 7'(b) theorems. We now turn to
T'(b) theorems, starting with the global 7'(b) theorem in Theorem 1.4.
We shall consider the dyadic model case when T is a perfect dyadic
Calderén-Zygmund operator, and assume that b,b" are bounded and
obey the pseudo-accretivity conditions

|O1:] 16T 2 1
for all dyadic intervals I.
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Ideally, one would like to have an estimate like (6), but with T'(x /)
and T*(x ) replaced by T'(bxs) and T*(V'x):

WD S MW T )]+ AW (T ¢ x) ()
W T X))+ WD), )

This is because one can then approximate 7'(bx ;) and T*(b'x ;) by T'(b)
and T*(b') by arguments similar to that used to prove Theorem 3.2.
Unfortunately, such an estimate does not seem to hold in general.
However, if one replaces the Haar wavelet system by modified Haar
wavelet systems adapted to b and ', then one can recover a formula
similar to (9), as follows.
For each interval I, we define the adapted Haar wavelet ¢% (intro-
duced in [10]; see also [5]) by
b._ Wb(I) x1
A P TIE

The wavelet ¢} no longer has mean zero, but still obeys the weighted
mean zero condition

(10)

/ b = 0. (11)
As a consequence we see that
/ Phboh = 0 for all T # J. (12)

A calculation gives the identity

by b __ 2
/¢Ib¢l - [b]—l + [b]_l

Ileft I’right

From the pseudo-accretivity and boundedness properties, we thus see
that ¢% has the non-degeneracy property

| [ ohbot| ~ 1. (13)
Define the dual adapted Haar wavelet 1% by
1
Vri= Ty
| ¢1vdl
By (12), (13) we thus have that (1%, %) = 077 where § is the Kronecker
delta. In particular we have the representation formula

=S sy (14)
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(formally, at least), where the adapted wavelet coefficients W, f(I) are
defined by

Wy f(I) = (f, ).
From some computation and the Carleson embedding theorem one
can eventually verify the orthogonality property

(S warr) ™ ~ 11l (15)

(see e.g. [26], or [4]). Thus the adapted wavelet transform W} has most
of the important properties that W has.
The analogue of (9) is

Lemma 3.4. [4] If f is bounded in L™, then
(Wo(bT* F)(D)] S W(bT™ (6" x1)) (1] + [Wi(b'T (bxr)) (1))
+ Wy (fT(bx)) ()| + [W F(D)] + W () ()]
Proof We can write

Wo(T* f)(I) = (f, T(b¢y)) = (f. TY).
Since % has mean zero, T4? is supported on I. Thus the left-hand
side does not depend on the values of f outside I. Similarly for the
right-hand side. Thus we may assume that f is supported on I.

The claim is clearly true when f is equal to a bounded multiple
of 'xr (since the left-hand side is then bounded by the first term on
the right-hand side). Since |[b'];] ~ 1, every bounded function f on I
can be split as the sum of a bounded multiple of ¥'x; and a bounded
function on I with mean zero. Thus it will suffice to prove the estimate

(W (bT™ /)] < IWo(fT (0xr)) ()] + W f(1)]

for functions f of mean zero on I.
We can write

Wy (bT™ f)(I) = (7T (f), bx1)-
Since
(T (67 f), bx1) = (fT(bx1), 87) = Wi (fT(bx1))(I)
it will suffice to prove the commutator estimate
(@77 (f),bx1) = (T*(67.f), bxr) = O(IW f(1)]).

Recall that ¢l} is constant on iy and I,ign:. Thus if f is supported on
e+ with mean zero, then the commutator vanishes (since T*(¢}f) =
% (Liest)T*(f) is supported on .z ). Similarly if f is supported on I
with mean zero. Since we are already assuming that f is supported on
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I with mean zero, it thus suffices to verify the estimate when f is the
standard Haar wavelet ¢;:

<¢1}T*<¢I)7bXI> - <T*(¢l1)¢[)v bXI) = 0(1)'

Throwing the 7™ on the other side, we see the claim will follow from
Cauchy-Schwarz and the estimates

/I T(bxn,, )P, / T (s, ) / T < |1,

We just show the last estimate, as the first two are proven similarly.
From weak boundedness we have
< | I|1 /2‘

JECOUE

Since b is in L with |[b'];] ~ 1, it thus suffices to prove the BMO
estimate

/ T(bx) — [Tox)i? < |11

On the other hand, since T'(b) is in BMO by hypothesis, we have

/ () — [TO)P <11

The claim follows since T'(b(1 — x;)) is constant on I by (4). n

From Lemma 3.4 one can show (as in the proof of Theorem 1.2)
that the wavelet coefficients Wy,(bT™ f)(I) obeys the Carleson measure

estimate

DT (D S 1.

JCI
(As in the proof of Theorem 1.2, it will be convenient to first remove
the intervals where the mean of T'(bx;) is large, in order to estimate
T(bxy) by T(bx;) effectively.)

From this Carleson measure estimate, (15) and the mean-zero prop-
erty of the wavelets ¥ = b¢%, we can show that T*f € BMO. Thus
T* maps L*> to BMO. Similar arguments give the bound for 7', and
the L? bounds then follow from interpolation as before. This allows
one to prove the global T'(b) theorem, Theorem 1.4.

We now briefly indicate how the above proof of the global T'(b) theo-
rem can be localized to yield Theorem 1.5; the details though are rather
complicated and can be found in [4]. In the above argument we gave
pointwise estimates on wavelet coefficients Wy, (b7 f)(J), which were in
turn used to prove Carleson measure estimates. Now, however, we do
not have a single b to work with, instead having a localized b; assigned
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to each interval /. We would now like to have a Carleson measure
estimate of the form

> W, (T )P S 1. (16)
JCI

Suppose for the moment that we could attain (16). If b; obeyed the
pseudo-accretivity condition |[b];| 2 1 for all J C I, and the bound-
edness condition [, |b;|* < |J] for all J C I, then one could use (15) to
then show the BMO estimate

/I T F — [T Ll < 1] (17)

which would show that 7™ mapped L> to BMO as desired.
Unfortunately, our assumptions only give us that b; has large mean
on all of I:
|[br]i] 2 1.

This does not preclude the possibility of b; having small mean on some
sub-interval J of I (for instance, by could vanish on some sub-interval).
However, because we have the L? bound [ [b;]* < I, it does mean
that [b;],; cannot vanish for a large proportion of intervals J. To make
this more rigorous, fix 0 < ¢ < 1, and let €2; C I be the union of all
the intervals J C I for which |[b;];] < €. Then by a simple covering
argument (splitting ; as the disjoint union of the maximal dyadic
intervals J in Q) we have

[ o] selul s
Qr

and thus (if € is sufficiently small)

)/ bi| 2 1.
Ny

From Cauchy-Schwarz and the L? bound on b; we thus have
[\ | 2 1.

Thus there is a significant percentage of I for which one does not
have the problem of b; having small mean. Furthermore, by a similar
argument one can also show that on a slightly smaller significant per-
centage of I, one also does not have the problem of [ J |b7|? being much
larger than J. Thus there is a non-zero “good” portion of I where the
function b; behaves as if itwere pseudo-accretive, and on which Carleson
estimates such as (16) would yield BMO bounds. The proof of (17)
then proceeds by first estimating the integral on this “good” portion of
I, and using a standard iteration argument to deal with the remaining
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“bad” portion of I, which has measure at most c|I| for some ¢ < 1;
the point being that the geometric series 1 + ¢ 4 ¢® + ... converges.
Details can be found in [4]; similar arguments can also be found in [1],
(6] (and indeed a vector-valued, higher-dimensional version of this trick
of removing the small-mean intervals is crucial to the resolution of the
Kato square root problem in higher dimensions [1], [2]).

It remains to prove (16), at least when J is restricted to the set where
br behaves like a pseudo-accretive function. Obviously one would like
to have Lemma 3.4 holding (but with b, b’ replaced by by, V) of course).
However, an inspection of the proof shows that to do this one needs
bounds of the form [, [b;* < |J|, [, 07> < |J], and |[b7],;] 2 1; in
other words b; and b} have to behave like pseudo-accretive functions?
on J. Fortunately, by arguments similar to the ones given above, one
can show that the bad intervals J, for which the above bounds fail, do
not cover all of I, and there is a fixed proportion of I which is “good”,
in the sense that (16) holds when localized to this good set. One then
performs yet another iteration argument on the “bad” portion of I to
conclude (16).

This concludes the sketch of the proof of Theorem 1.5 in the case
of perfect dyadic Calderén-Zygmund operators; further details can be
found in [4]. It is an interesting question as to whether this proof tech-
nique can also produce localized estimates, perhaps similar to Theo-
rem 1.3. One model instance of such a theorem is Theorem 29 of [9],
which says informally that if F is a compact subset of an Ahlfors-David
regular set with positive analytic capacity, then E has large intersec-
tion with another Ahlfors-David regular set for which the Cauchy inte-
gral is bounded. (This is somewhat analogous with a hypothesis that
T(b),T*(b) € BMO for some b which is sometimes, but not always,
pseudo-accretive, and a conclusion that 7' is bounded when restricted
to a reasonably large set Q).
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ZActually, one also needs lower bounds for the magnitude of of [bf],, ,, and
[07]7,.:4n.- This introduces some technicalities involving “buffer” intervals - intervals
J for which b; has large mean, but such that b; has small mean on one of the sub-
intervals Jief¢, Jright- These intervals are rather annoying to deal with but are
fortunately not too numerous; see [4].
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SEPARATION OF GRADIENT YOUNG MEASURES
AND THE BMO

KEWEI ZHANG

Dedicated to Professor Alan MC¢Intosh for his 60th birthday

ABSTRACT. Let K = {A,B} ¢ MY*" with rank(4 — B) > 1
and ) C R™ be a bounded arcwise connected Lipschitz domain.
We show that there is a direct estimate of the size of the e-neighbor-
hood K. of K such that K. = B.(A) U B.(B) separates gradient
Young measures, that is, if (u;) € WH(Q, RY) is bounded and
Jo dist(Duy;, K)dz — 0 as j — oo, then up to a subsequence,

either [, dist(Duj, Be(A))dx — 0 or [, dist(Duj, Be(B))dx — 0.

In this note I present some direct estimate on neighborhoods K, of
a two matrix set K = {A, B} that separate gradient Young measures.
I also show how one can use the BMO seminorm of approximate so-
lutions of linear elliptic systems to control the oscillation of sequences
gradients approaching K.. The note is based on a recent work [19]
with a slightly different approach. In the case of the two matrix set,
we can establish our main result (Theorem 1 below) without quoting
a recent deep approximation theorem obtained by Miiller [14], instead,
most of the tools we use will be standard in the calculus of variations.
The problem we consider is motivated from the variational approach of
material microstructure [4, 5], in particular, the study of metastablility,
hysteresis and numerical analysis related to them.

Let M™*" be the space of N x n real matrices with N, n > 2.
Let €2 be a bounded arcwise connected Lipschitz domain throughout
this note. We denote by — and —»— weak convergence and weak-*
convergence respectively. The characteristic function of a set V" C R"
is denoted by xy . The following result is now well-known [4, 17].

Theorem A. Let A, B € MY*" with rank(A — B) > 1. Let (u;) C
Whr(Q, RY) (1 < p < o) be a bounded sequence such that
lim; . [, dist”(Du;, {A, B}) — 0. Then, up to a subsequence either
Du; — A a.e. or Du; — B a.e..

In the study of metastablility and hysteresis of material microstruc-

ture, Ball and James [6] established the following:
161
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Theorem B. If a compact set K = K; UKy C MY (K, N Ky =10)
separates gradient Young measures in the sense that suppr, C K a.e.
= suppv, C K orsuppv, C Ky a.e. Then there exists € > 0, such
that K. still separates gradient Young measures.

In other words, K separates gradient Young measures if dist(Du;, K)
— 0 in L*(Q) implies, up to a subsequence either dist(Du;, K1) — 0
in L*(Q) or dist(Du;, K3) — 0 in L*(€2). Theorem B then claims that
there exists € > 0 such that K. still separates gradient Young measures.

Theorem B was established by using a contradiction argument in [6].
In this note I give an estimate of € > 0 for the special case K = {A, B}
with rank(A— B) > 1 such that K, = B.(A)UB.(B) separates gradient
Young measures, i.e. we give an estimate of the size of the balls such
that a sequence of gradients approaching two balls can only approach
one. We have,

Theorem 1. Let K = {A, B} ¢ MY*" with rank(A — B) >
1. Let K. = B(A) U B.(B), and Anax be the largest eigenvalue of
(A — B)(A — B)/|A — B|?>. Then there exists an estimate of € > 0
depending on n, N, |A — BJ, Amax Such that u; — u in WHH(QRY),
Jo dist(Du;, K.)dx — 0 as j — oo implies that up to a subsequence,
either

lim [ dist(Du;, B{(A))dx =0, or lim [ dist(Du;, B.(B))dx = 0.

j—00 Q j—00 Q

In the language of gradient Young measures [11, 15], this means
suppr, C K, a.e. = € § implies either suppr, C B (A) a.e. or
supp v, C B(B) a.e.

We use the following standard tools to establish Theorem 1.

(i) A non-negative quasiconvex function vanishing exactly on K, [10,
17], (ii) homogeneous Young measures [15], (iii) BMO estimates for
elliptic systems [9], (iv) Besicovitch’s covering lemma [8].

More precisely, we have an explicit non-negative quasiconvex func-
tion f satisfying

0<f(X)<COU+|XP),  [7(0) = K.
So if [, dist’(Duj, K.)dz — 0 and u; — w in W2, then by the well-

known weak lower semicontinuity theorem of Acerbi and Fusco [1],

0 = lim inf /f(Duj)de/f(Du)dq:.
Q Q

Jj—00



SEPARATION OF GRADIENT YOUNG MEASURES 163

In the language of gradient Young measures, this gives

/Q FNdva(\)dz = /Q F(,)dz, where 7, = /M Adv, = Du(z),

MNxn Nxn

hence suppv, C K., and more importantly, we can locate the weak
limit
v, = Du(x) € K. a.e. (1)

Recall that a continuous function f : MN¥*" — R is quasiconvex
(13, 3] if

/ f(A+ D¢) > f(A)Q|, for Aec MV ¢ € Ca(Q, RY).
Q

It is well known that if 0 < f(X) < C(1+|X|?), the variational integral
u — [, f(Du)dz is sequentially weakly lower semicontinuous in WP
if and only if f is quasiconvex [1].

We may construct quasiconvex functions by calculating the quasicon-
vex envelope QF for a given function F': MN*" — R: QF = sup{g <
F, g quasiconvex}. In our case, we let F/(X) = dist*(X, {4, B}), then
QF can be explicitly calculated [10] and

QF(X) = F(X) = dist*(X, {A, BY}),
if dist?(X, {4, B}) <|A— BJ*(1 — Aax) /4.
Let

f(X) = [Qdist*(X, {A, B}) — €], ,

then f > 0 is quasiconvex and f~1(0) = K..

Next need the W1>-Gradient Young measure and the homogeneous
Young measure [11, 15] to localize our problem: We only need a special
case of the general theorem of gradient Young measures. Let K C
MYN*" be compact, u; — win WHH(Q, RY) such that dist(Du;, K) — 0
in L'. Then

(I) up to a subsequence, there exists a family of probability mea-
sures (gradient Young measures) suppv, C K, a.e. © € Q, f(Du;) —
[ f(N)dv, weakly in L', for all continuous functions f satisfying | f(X)|
< C(|X|+1) and the weak limit can be identified as Du(z)= [, Adv, =
Uy a.e. (Vg)geq is called the family of W1>-gradient Young measures
generated by (a subsequence) of gradients (Du;).

€ < ‘A — B|2(1 — )‘maX)
— 4 Y

(IT) There is a bounded sequence v; € W such that (Dv;) gen-
erates the same family of Young measures (), ||Dv; — Duj||r — 0,

f(Dv;) 5= [ f(A)d, for all continuous functions f.
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(ITT) For a.e. xzy € €, there exists a bounded sequence (¢y) in
I/VO1 (D, RY) where D is the unit disk in R", such that the correspond-
ing gradient Young measures {7, } of the sequence (Du(zo)+ D¢y) sat-
isty v, = vy, a.e. y € D. We call 7, the homogeneous Young measure
and simply denote it by v := 7, y € D. The homogeneous Young mea-
sure enables us to localize our problem. We may decompose Theorem
1 into

Lemma 1. (‘Existence’) Suppose v is a homogeneous Young measure
satisfying suppr C K. and v = X € B.(A). Then suppv C B.(A).

Lemma 1 implies that for a fixed z, suppv, C K, 1, € B.(A) implies
supp vz C B(A)).

Lemma 2. (‘Regularity’) There is an estimate of € > 0 depending on
|A— B, Amax, n and N such that if Du(x) € K. a.e. in 2. Then either
Du(z) € B.(A) a.e. or Du(z) € B.(B) a.e.

Lemma 2 shows that if 7, € K, then 7, € B.(A) a.e. or i, € B.(B).
Combining (1), Lemma 1 and Lemma 2, we reach the conclusion of
Theorem 1.

To prove Lemma 1 we need to control the large scale oscillation of
the gradients of a sequence of mappings with a fixed affine boundary
condition. For Lemma 2, we need to rule out large scale oscillation of
the gradient of a fixed mapping without prescribed boundary condition.
Note that in either cases the best possible we can reach is some partial
rigidity of the gradients.

The tool we use is the Schauder estimates in BM O and Campanato
spaces for linear elliptic systems with constant coefficients. Notice the
ellipticity property of linear subspaces of M~*" without rank-one ma-
trices [2]. Let E = span[A— B]. Then F is a subspace without rank-one
matrices. Let £+ be the orthogonal complement of £ and Pg. be the
orthogonal projection to E+, then there is some constant ¢y > 0 such
that for any rank-one matrix a ® b, |Ppi(a ® b)|* > c¢olal?|b]?, where
a € RY and b € R".

Let us recall some basic facts about elliptic system with constant
coefficients [9]:

div A7;Dgu? = div F), in Q with F!, € L. (2)
We say that the system satisfy the Legendre-Hadamard strong elliptic-
ity condition if

ATalon’n’ = Nol€PPnl?, € R, n € RY. (3)
We denote by Ag > 0 a constant such that Agﬁfafﬁn%j < Agl€)?|n)*.
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Example. Let E C MN*" be a subspace without rank-one matrices.
Then the second order elliptic system div Pg: Du = div F' satisfies (3).
In our case A\g = 1 — A\pax, and Ay = 1.

Let u € W'?% be a weak solution of (2). The following are some
estimates of Du.

(A) Interior Estimate

Let o € Q and 0 < p < R such that B,(x¢) C Br(zo) C Br(zg) C
Q,

f o 1Du- Dy, s
By (o)

<C {(%) ][ | D — [Dutlag.r2de + [Flangy| . (4)
BR((DO)
where C' = C'(n, N, Ao, Ag) > 0, 7 = 7(n, N, Mg, Ag), 0 < 7 < 2, and
[F]z2n(q) is the Campanato seminorm.
(B) Global Estimate
Under Dirichlet condition u|sq = 0,
I1Dullparow) < CllE|z=- (5)

We prove Lemma 2 first which depends on the interior estimate (a)
above.

Proof of Lemma 2. Without loss of generality, we may assume that
A = 0, E = span[B]. This can be done by a simple translation in
MY*n Note that |Pgi(Du)| < 2¢, hence u € W1°(Q,RY) is a weak
solution of

div Pgi(Du) = div F, where F = Pgi(Du), |F|p~ < 2e.
Let V = {x € Q, Du(x) € B(B)}. Du(x) € K, implies that
Du = Byy + H, | H|| e~ < 4e. (6)

Then (a) implies, for a fixed xy € Q and 0 < p < R such that Bag(zg) C
Q

)

} o 1Du- (Dl s
By (z0)

P\T 2 2
<C [<§> ][BR(IO)|DU — [Dulzo vl dx + [Flz2mq)
PN\ 2 2 2
< — <
_C(R) (1B| +2€)2 + Ce® < Ce
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if p/R is sufficiently small. Consequently, for every zo € €2, there is
a small cubes Q(zg,r) C Q centered at zy with side-length r > 0
depending on x, and (2,

IDullBrro@uor < C€. (7)

By applying the definition of BMO and (3), we have, for each cube
Q C Q(xo,7) and let

_lenV] ¢ , 3
as long as € > 0 is small. Hence for Q C Q(xo,7),
either G(Q) < 411 or G(Q) > Z (8)

Now we use the Intermediate Value Theorem and a density argument
to finish the proof.

Without loss of generality, we assume x( € €2 is a point of density 1
for V. Then we show that there is no points of density 1 for @\ V' in
. Since zg is a point of density 1 for V', there is a cube Qg C Q(x¢, )
centered at xo, such that G(Qg) > 3/4. We first show that there is no
point of density 1 for Qo\V in Q. Otherwise, let x1 € Qg be an interior
point such that there is some @)1 C Qg centered at x; and satisfies
G(Q1) < 1/4. Then we may construct a continuous family of decreasing
cubes Q(t) in Qg such that Q(0) = Qp and Q(1) = Q. It is then easy
to see that t — G(Q(t)) is a continuous function. By the Intermediate
Value Theorem, there is some cube Q(tg) C Qo C Q(zo,7), such that
G(Q(ty)) = 1/2. This contradicts to (8).

Since €2 is arcwise connected, for each x € 2, there is a piecewise
affine curve ~y : [0,1] — Q, such that dist(vy,99Q2) = dy > 0, v(0) = o,
(1) = z. If we choose r > 0 sufficiently small and let Q(¢) be the cube
centered at 7(f) with radius 0 < r < &y, we may claim that (8) holds
for Q@ C Q(t), 0 <t < 1. Then it is easy to see that = is not a point of
density 1 for Q \ V, hence Du(z) € B.(B) a.e. O

Proof of Lemma 1. We may assume A = 0 as before and suppr C K,
and 7 = X € B.(0). Let X+ Du; generates v with u; € Wy bounded.
Define
{PEL(Duj), if | P (Duy)| < 4e,
L=

0, otherwise,
where E = span[B]. Solving div Pg. (Dv;) = div F}; in D, v,|sp = 0,
|1 Dvjl|syomy < Ce,  |[Du; — Dujl[rz — 0 (9)
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Let W; = {x € D,dist(Dv;, K) > 4e} so |W;| — 0 and let V; =
{z € D, [Dv; — B| < 4e}, then Dv; = Bxy, + Dvjxw, + O(e). Let
G;(Q) = [V; N Q[/|Q], then (9) implies

G(Q)(1 - Gy(Q)) < Cé +C ][Qu Do P,z (10)
Also notice that [, Dv;dx = 0 which implies G;(D) < Ce < 1/4 for
large j.

Our aim is to show that |V;j| — 0 so that dist*(X + Dv;, B.) — 0 in
L', hence vsupp B,(0). Now we use a slightly different argument as in
the proof of Lemma 1 by using ij(l + |Dv;|?)dy to bound |V;].

For each point x € D of density 1 for V}, there exists a cube ) C D
centered at x such that G;(Q) > 3/4. Note that G;(D) < 1/4, we can
then prove that there is an open cube (), containing () in D such that
G;(Q,) = 1/2 which maximize the left hand side of (10). If we further
require that 1/4 — Ce? := ~ > 0, then from (10),

s =1ad (j-c@) < [ asipofpods

Clearly {Q,} is a covering of the points of density 1 for V; by open
cubes. By Besicovitch’s covering lemma (see e.g. [8]), it is then easy
to prove that
YVil <€ | (L4 [Duv*)dy — 0.
W

Therefore |V;| — 0 so that suppv C B.(0). O

Theorem 1 can be generalized to any finite sets contained in a sub-
space without rank-one matrices [19]. For a finite set K = {A;} C

MYN*" we define the diameter of K dj = max{|A; — 4|, i # j}, and
the smallest distance g = min{|A; — A;|, i # j}.

Theorem 2. Suppose E C MN*" be a linear subspace without rank-
one matrices. Let K = {A;} C E be a finite subset. Let

/\E = min{]PEL(a®b)|2, ac RN; be ]Rna ’CL| = ’b| = 1}7
L P 1-)

e la=bi=1 [Py (a @ b)]? AE
Then there exists an estimate of € > 0 depending on di, gx, g, IE,
n and N, such that u; — v in W, [0 dist(Du;, K.) — 0 implies, up
to a subsequence, for some fized A;, € K,

lim diSt(DUj, Be(Aio)) — 0.

Jj—00 0
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Remark 1. Theorem 2 was proved in [19] by using S. Miiller’s im-
proved approximation lemma for sequences of gradients approximating
a compact set [14]. In the special case of Theorem 1, we may avoid us-
ing this result, instead, establishing Lemma 1 directly form the global
estimate for the Dirichlet problem.

Remark 2. For the incompatible multi-elastic well structure K =
U2, SO(2)H; with H; positive definite, the theory for linear elliptic
system still works provided that the wells are sufficiently ‘flat’ [20].

Remark 3. For the two well structure K = SO(n) U SO(n)H, it
is known [12, 16] that under a technical assumption on H, the com-
pactness result holds, that is, if dist®(Du;, K) — 0 in L', then there
exists some A € K, such that Du; — A a.e. A nonlinear elliptic
system is involved. However, I do not know any interior BMO es-
timates for the elliptic system div A(Du) = div f, u|spq = 0, where
cdfYP < DAX)YY < ClY]%, || fllz= < €?

As remarked in [12], if H = Al with A > 0, A # 1, and [ being
the identity matrix, one may simply use the n-Laplace operator to
study convergent sequences of gradients to K, that is, div | Du|" > Du =
div F. However, even for this explicit system, I do not know any BMO
estimate of the weak solutions in W™ given that ||F||z~ is small.
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